Appendix D Selected Solutions, Introduction to 3D Game Programming with DirectX 12, by
Frank D. Luna

Appendix D Selected Solutions

Chapter 1

1.Letu = (1,2) and v = (3, —4). Perform the following computations and draw the
vectors relative to a 2D coordinate system.

aju+v
bJu—v
c)2u+%v
d) —2u+v

Solution:

a) (1L2)+B,-49=(1+32+(-4))=(4-2)
b) (1,2)—(3,—4) =(1,2) +(-3,4) =(1—-3,2+4) = (-2,6)

9 21,2 +56,-9D =29 +(5-2)=(3.2)

d) -2(1,2)+3,-4) =(-2,-4)+(3,—4) =(1,-8)

3. This exercise shows that vector algebra shares many of the nice properties of real
numbers (this is not an exhaustive list). Assume u = (u,,u,,u,),v = (v,,1,,7,), and
w = (w,, wy,w,). Also assume that c and k are scalars. Prove the following vector
properties.

aJu+v=v+u (Commutative Property of Addition)

bJu+ (v+w)=(u+v)+w (Associative Property of Addition)
c) (ck)u = c(ku) (Associative Property of Scalar Multiplication)
d) k(u+v) = ku+ kv (Distributive Property 1)

e)u(k +c) = ku+ cu (Distributive Property 2)

Solution:
a)
utv= (ux,uy,uz) + (vx,vy,vz)

= (uy + v,y +vy,u, + ;)
= (v + up, vy +uy, v, +uy)
= (vx,vy,vz) + (ux,uy,uz)
=v+u

b)

ut+ (v+w)= (ux,uy,uz) + ((vx,vy,vz) + (Wx,Wy,WZ))
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= (e, uy,uy) + (v + Wy, vy + Wy, v, +w,)
= (ux + (v, + wy),u, + (vy + Wy),uz + (v, + WZ))
= ((ux +v) +wy, (w, + 1) +wy, (w, +v,) + WZ)
= (uy + v, uy +vy,u, +v,) + (W, wy,w,)

= ((ux,uy,uz) + (vx,vy,vz)) + (wx,wy,wz)
=(u+v)+w

(ck)u = (ck)(uy,uy, u,)
= ((ck)ux, (ck)uy, (ck)uz)
= (c(kux), c(kuy), c(kuz))

= c(kuy, kuy, ku,)
= c(ku)

d)
k(u+v)=k ((ux,uy,uz) + (vx,vy,vz))
= k(ux + v, u, +v,,u, + vz)
= (k(ux +v), k(uy +vy), k(u, + vz))
= (kux + kv, ku, + kv, ku, + kvz)
= (kuy, kuy, ku,) + (kvy, kv, kv,)
= ku + kv

ulk+c) = (ux,uy,uz)(k +¢)
= (ux(k + o), uy(k + o), u, (k + c))
= (kux + cuy, ku, + cuy, ku, + cuz)
= (kux, kuy, kuz) + (cux, CUy, cuz)
= ku+ cu

5.Letu=(-1,3,2)and v = (3,—4,1). Normalize u and v.

Solution:

lull = /()2 +32+22=vV1I+9 + 4 =14

i=

u _(_ 1 3 2)
lul —\ vid'vid'via
vl =32+ (=42 + 12 =9+ 16 + 1 = V26
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oy <3 4 1)
V=om—0= y )
vl \v26" +26 V26

7.1s the angle between u and v orthogonal, acute, or obtuse?

aju=(1,1,1),v=(23,4)
b)u = (1,1,0),v = (=2,2,0)
Ju=(-1,-1,-1),v=(31,0)

a) urv=12)+13)+1(4) =9 > 0 = acute
b) u-v=1(-2) + 1(2) + 0(0) = 0 = orthogonal
c) urv=-13)+(-1)(1) + (-1)(0) = —4 < 0 = obtuse

9.Letu = (uy,uy,u,),v=(v,v,v,),and w = (w,, w,,w, ). Also let c and k be scalars.
Prove the following dot product properties.

aju-v=v-u
bju-(v+w)=u-v+u-w
ck(u-v) =(ku)-v=u-(kv)
dyv-v=lv|?

e)0-v=0

Solution:

u-v= (ux,uy,uz) . (vx,vy,vz)

= Uy Uy + Uy vy, + U,
= (v, vy, ;) * (Ueruy, 1)
=v-u

u-(v+w) = (wouy,u,) (v +we, vy +wy, v, +wy)
= u, (v + W) +uy (v, +wy) +u, (v, + w,)
= UV + UWy + Uy vy + uywy + u, v, + u,w,
= (uxvx +u,v, + uz) + (uxwx +u,w, + uZWZ)
=u'v+u-w

k(u-v) = k(u,v, + u, v, + u,v,)
= (ku,)v, + (kuy)vy + (ku,)v,
= (ku) -v
= u, (kvy) +u, (kvy) + u, (kv,)
=u- (kv)

V V=100 + 10, + 1,7,
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= ’v,? + vi + v}

= |Ivli?

2

0-v=0v, +0v, +0v, =0
11.Letn = (—2,1). Decompose the vector g = (0, —9.8) into the sum of two orthogonal
vectors, one parallel to n and the other orthogonal to n. Also, draw the vectors relative to a

2D coordinate system.

Solution:

. (g n) -9.8
g = proju(g) = TalE ™= ——(=21) = —1.96(-2,1) = (3.92,-1.96)

g, =g—g; = (0,—-9.8) — (3.92,—-1.96) = (—3.92,—7.84)

13. Let the following points define a triangle relative to some coordinate system:
A =(0,0,0),B=(0,1,3),and C = (5,1, 0). Find a vector orthogonal to this triangle. Hint:
Find two vectors on two of the triangle’s edges and use the cross product.

Solution:

n=uxv=(uv, —u,v, U — U, Ub, —UTy)
—(0—3,15-0,0—5)
— (=3,15,-5)

15. Prove that ||u X v|| gives the area of the parallelogram spanned by u and v; see Figure
below.

[Figure D.1: Parallelogram spanned by two 3D vectors u and v; the parallelogram has base ||v||
and height h.]

Solution:
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The area is the base times the height:

A= |lvllr

Using trigonometry, the height is given by h = ||u||siné{#). This, along with the application
of Exercise 14, we can conclude:

A = [lull{[v][sinif) = [ux v]|

17. Prove that the cross product of two nonzero parallel vectors results in the null vector;
thatis, u X ku = 0. Hint: Just use the cross product definition.

Solution:

u X ku= (uykuz — ukuy, u ku, —u ku,, uku, — uykux)
= (kuyuz — ku,uy, ku,u, — ku,u,, ku,u, — kuyux)
=0

Chapter 2

1. Solve the following matrix equation for X: 3 ([_12 g] - ZX) =2 [_12 g]

Solution:

(7 5l-2) =2 ]

[_36 g]_6X=:21 % 6 0
_6X=:% 6(1_[3 9
—oX=1 —3]

1
X= 13 1
L6 2

3. Compute the transpose of the following matrices:

1 2
x 3 4

alL 2 3, v, o 9 ¢
7 8
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Solution:
N
[1, 2, 3]"=]2
3.
x yiI' _x z
[z w] _[y w
1 271"
3 4| 1357
5 6 2 4 6 8
7 8
5. Show that
A11 A1z A3l[Bi1 Bz Bis —A,B—
AB = |4y Ay, Ay||B2i Bz Bys|=|—Az.B—
A3y Az AzzllB3; Bs; Bss — A3,B—
Solution:

Let i be an arbitrary row in AB. By definition of matrix multiplication, we know that the ith
row is given by

(AB)i,* = [Ai.* ) B*,l Ai,* ' B*,Z Ai,* ' B*,3]

However, by definition of matrix multiplication, this is equal to the vector-matrix
product A; ,B. Thatis,

(AB)i,* = [Ai,* ' B*,l Ai,* ) B*,Z Ai,* ) B*,3] = Ai’*B
Since i was an arbitrary row, we just substitute i = 1,2,3 to complete the proof:

(AB)l,* — Al,*B —
AB = |(AB),,| = |— A;.B —
(AB)3'* — A3,*B —

7. Prove that the cross product can be expressed by the matrix product:

0 u, —u,
uxv= [vx Dy vz] —Uu, 0 U,
U, U 0

Solution:
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0 u, u
y
[V vy V]|l-u, 0 Uy | = [WyV —UVy  UpUx — UpVy  UsVy — Uy Uy
U,  —Uy 0

=uxyv
[ 2 _[-2 1 )
9. LetA = [3 4]. IsB = [3/2 1/2] the inverse of A?
Solution:
o212 17 11 2
AB = [3 4] [3/2 1/2] = [0 5
Since AB # I we can conclude that B is not the inverse of A.

11. Find the inverse of the following matrices:

[21 —4] 2 0 0
10 7 0 3 0
0 0 7
Solution:
For the 2 x 2 matrix, we have the formula:
Al = 1 Az, —Alz]
Aj1Ay — AppAy 1=4A21 An
=L[ 7oA
1871-10 21
To verify:
I 4] 21 —4]
187 L—-10 211110 7
_ 11 7(2D) +4(10) 7(—4) + 4(7)
~1871-10(21) + 10(21) —10(—4) + 21(7)
__1ms7 o ]
187L 0 187
=[1 0
0 1

For the 3 X 3 matrix, we use the formula:

4, A
~ detA
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The cofactor matrix is:

(—1)1+1 det Kll (—1)1+2 detKlz (—1)1+3 det Klg
CA = (—1)2+1 detKn (—1)2+2 dethz (—1)2+3 detK23
(—1)3+1 detK31 (—1)3+2 detggz (—1)3+3 detK33

21 0 O
=[0 14 0
0 0 6

21 0 O
SoA*=CZ;=[0 14 Oland

0 0 6
_100_
L2100 2y
A‘1=EO 14 0|l=10 = 0
0 0 6 3
0o o0 1
i 7]
To verify:
_1 —
5 00
2 0 0 . 100
0 3 ollo = o|l=lo 1 0
00 7 31001
0 0 -

13. Show that (A™1)" = (AT)71, assuming A is invertible.
Solution:

AfA Y =@a1A ' =1" =1
(A—I)TAT — (AA—I)T — lT =1

Therefore, (A~1)T is the inverse of AT.

u u
15. Prove that the 2D determinant [vx vy ] gives the signed area of the parallelogram spanned
X y

by u = (u,,u,) and v = (v, v,). The result is positive if u can be rotated counterclockwise to
coincide with v by an angle 6 € (0, ), and negative otherwise.

Page 8 of 51



Appendix D Selected Solutions, Introduction to 3D Game Programming with DirectX 12, by
Frank D. Luna

+Y

[Figure D.2: Parallelogram spanned by two 2D vectors u and v; the parallelogram has base ||ul|
and height h.]

Solution:
The area is given by base times height:

A = |[ullh
= |lullllv|l sin6

= |[ull|lv]lv/1 = cos? 6

Squaring both sides:

2 = |[ull®[Ivll* = (llulllIv] cos 6)?
=(u-u)(v-v)—(u-v)?
= (u2 + uﬁ)(vz + vz) (u v+ uyvy)
= uv? + uxvy +ujvi +udvy — ,% Uy — 2U Uy Uy U, — ULYY
= ufvy + upvf — 2U, U,

2

= (wevy —uyvy)

Taking the square root:

A By, B C;; C
17.LetA = [ 1 12] B= [ 1 12], andC = [ 12]. Show that A(BC) = (AB)C.
Ay Azl By1 By, Cyy Cypy (BC) = (AB)

This shows that matrix multiplication is associative for 2 X 2 matrices. (In fact, matrix
multiplication is associative for general sized matrices, whenever the multiplication is
defined.)

Solution:

For 2 X 2 matrices, we will just do the computations:
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BC = B11Ci1 + B12Cy1 B11Ciz + 312622]
B1Ci1 + ByyCy1 B1Cip + By Cyp

AB = [Aan + A12B21 A11Biz + Alszz]
A21B11 + ApByy Ap1Bip + Ay By

A11(B11C1y + B12Co1) + A12(By1Cip + B Co1)  Ay1(B11Cig + Bi3Cop) + A12(By1 Ciz + By Cyp)

A(BC) =
Az1(B11C1q + B12C1) + Ayp (By1 Ciy + By Coq)  Ap1(B11Cip + BiaCop) + Az (Byi Cip + Byy Cop)

_ [A11B11Ci1 + A11B12Coy + A1 B21 Gy + A1 B2y (o1 A11B11Cip + A1 B12Cop + A1 By G +A12322C22]
Ap1B11Ciy + A1 B2 Coy + Apa By Gy + Apa By Gy Api Bii Crp + A1 BiaCop + Apa Bay Crp + Apa By Cap

(AB)C = (A11B11 + A12By1)Ciy + (A1 Bz + A12B22)Co1 (A11Biy + A12B51)Ciz + (A11Byp + A12322)C22]

(A21B11 + A By1)Ciq + (A31B1p + A B22)Co1 (A1 Biy + Az Byq)Cip + (Ag1Big + Az By )Cop

_ [A11B11Ci1 + A12B21 Ciy + A11 B1pCoy + A1 B2y o1 A1 BiiCip + A1 Byy Cip + A1 Bip Cpp + A1z By sz]
Ap1B11Ciy + ApaByi Gy + Ap1 B1pCoy + Apa By Gy A1 Bii Crp + ApaBay Crip + Ap1 Bia Cop + A By Cap

Comparing the terms element-by-element, we see A(BC) = (AB)C.

Chapter 3

1. Let : R3 - R3 be defined by 7(x,y,z) = (x + y,x — 3,2). Is 7 a linear transformation? If it
is, find its standard matrix representation.

Solution:
If T is linear, then we must have:

Lt(u+v)=1(u)+1(v)
2. t(ku) = kt(u)

Letu = (uy,uy,u,) and v = (v, vy, ;).

t(u+v) = (U + vy uy + vy, u, + ;)
= Uy + vy +uy, +vy,u + v —3,u, +v,)
= (ue +uy,ue — 3,u,) + (v + v, 1, 1,)
=7(w) + (v + vy, v, 1)
=1(u) + (vx + v, v, —3+3, vz)
=7(u) + (vx + vy, v — 3,UZ) +(0,3,0)
=t(u) +7(v) + (0,3,0)

So 7(u + v) # t(u) + t(v); therefore 7 is not a linear transformation.

3. Assume that 7: R® — R3 is a linear transformation. Further suppose that 7(1,0,0) = (3,1, 2),
7(0,1,0) = (2,—1,3),and 7(0,0,1) = (4,0,2). Find 7(1,1,1).
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Solution:

We are given that 7 is a linear transformation and its behavior on the standard basis vectors
7(i),7(j), t(K). Therefore, the standard matrix representation of 7 is:

3 1 2
[2 -1 3]
4 0 2
Then
3 1 2
1(1,1,1)=[1,1,1][2 -1 3]=[3+2+4,1—1,2+3+2]=[9,0,7]
4 0 2

5. Build a rotation matrix that rotates 30° along the axis (1,1, 1).

Solution:

6 7) = (o))
xl )Z:_)_F_
Y 333
3
c=cos30°=£
2
S = SIn —2

c+(1—-c)x* (A-c)xy+sz (1—c)xz—sy
R,=|(1-0c)xy—sz c+1—-0c)y? (A-c)yz+sx
(1-c)xz+sy (1—-c)yz—sx c+(1—c)z?

RER 1_ﬁ)1 ( _E>1+li < _E>l_ll
2 2 )3 23 243 2 /)3 243
_ (1_ﬁ>l_li V3 <_§>1 (1_§>1 11
2 /)3 243 2 2 )3 2 /)3 243
(1_§>1+11 (1_E>1_11 ﬁ+< _ﬁ>l
i 2 /)3 243 2 /)3 2J3 2 2 )3
(V3,.2-V3 (1_§>+§ (1_£>_£'
2 6 3 6 6 \3 6 6
:<1_§)_£ V3, 2-V3 (1_£>+£
3 6 6 2 6 3 6 6
<1 \/§)+\/§ (1 \/§> V3 V3 2-43
3 6 6 \3 6 6 2 6
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6 3 3
_|11-v3 2¥3+2 1
3 6 3

1 1-+/3 2342
3 3 6
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7. Build a single transformation matrix that first scales 2 units on the x-axis, -3 units on the y-
axis, and keeps the z-dimension unchanged, and then translates 4 units on the x-axis, no units on
the y-axis, and -9 units on the z-axis.

Solution:

2 0 0 O]

s_[0 =3 00

0 0 1 O

0 0 0 1]

[1 0 0 O]

101 0 o

T=lo 0 1 o0

4 0 -9 1|

Then the desired transformation matrix is obtained by the product

2 0 0 0
er_|0 =3 0 O
M=ST= 0 0 1 0
4 0 -9 1

9. Redo Example 3.2, but this time scale the square 1.5 units on the x-axis, 0.75 units on the y-
axis, and leave the z-axis unchanged. Graph the geometry before and after the transformation to

confirm your work.
Solution:
The corresponding scaling matrix is:
1.5 0 0
S=|0 .75 0
0 0 1 o )
Now to actually scale (transform) the square, we multiply both the minimum point and

maximum point by this matrix:

15 0 0 15 0 0
[-4,—4,0][ 0 .75 0|=[-6,-3,0] [4,4,01| 0 .75 0]|=16,3,0]
0o o0 1 0 0 1
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+Y Scaling: +Y
—_—

(4,4,0)

(6,3,0)

+X | +X

(—4,—4,0) (76.730)

[Figure D.3: Scaling transform.]

11. Redo Example 3.4, but this time translate the square -5 units on the x-axis, -3.0 units on the
y-axis, and 4.0 units on the z-axis. Graph the geometry before and after the transformation to
confirm your work.

Solution:

The corresponding translation matrix is:

1 0 00
o 1 0 o0
=10 0o 1 0
—5 -3 4 1

Now to actually translate (transform) the square, we multiply both the minimum point and
maximum point by this matrix:

[-8 2, 0, 1]

O O O
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+Y Translation: +Y
280 — (=7,5,4)
+Z
(—-13,-14) | -
(—-8,2,0) . +X r',,- ‘ +X

[Figure D.4: Translation transform.]

13. Prove that the rows of R, are orthonormal. For a more computational intensive exercise, the
reader can do this for the general rotation matrix (rotation matrix about an arbitrary axis), too.

R, =

y= 0o 1 o0

sinf 0 cos@

cosfd 0 —sin 9]

Solution:
Letr; = (cosf,0,—sinf), r, = (0,1,0),and r; = (sin 6,0, cos ).

First we show all the rows are unit length:

el = v/cos2 6 +sin2 6 =1
]l =1

|r3]| = Jsin2 0 + cos2 6 =1

Next we show the rows are mutually orthogonal:
rh-rn= 0
r, I3 = 0
r,"r3 =cosfsinf —sinfcosf =0

14. Prove the matrix M is orthogonal if and only if M7 = M~1.

Solution:
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For concreteness, we will prove for 3 x 3 matrices since 3D rotation matrices are the only kind
of orthogonal matrices we care about in this book. However, the same argument we present
generalizes to n X n matrices.
Suppose M is a 3 x 3 orthogonal matrix:
—n— T 1T 1
M=|—r—| and M'=|r, 1, 1
H

— I3 !l 1 |

Then, by the definition of matrix multiplication (MMT)U
we have that

r; - 1. But, because M is orthogonal

1 ifi=j
T . =T =
(MMD)y =1: 5 {0 if i #

It is true that i = j only for the diagonal elements of the matrix. Thus the resulting matrix has
1’s along the diagonal and zeros everywhere else. But this is exactly the identity matrix. Hence,
MM’ = 1. A similar argument shows M"M = I. Therefore, we must have that M” = M1,

Now suppose that M7 = M~. In particular, this implies that MM” = I. In turn, this means:

1 ifi=j
T . =1 =
(MMD)y =1: 5 {0 if i #

Therefore, the row vectors or M are mutually orthogonal and unit length; thus, M is orthogonal.
15. Compute:

1 0
0 1
0 O

0 0
0 0
[x,v,2,1] 0 1
1 b

o OO

0 1 0
0 0 1
1 and [x,y,z0] 0 0
b b, b

zZ

b, by x y z

Does the translation translate points? Does the translation translate vectors? Why does it not
make sense to translate the coordinates of a vector in standard position?

Solution:

1 0
0 0
[x,v,2,1] 0 1 =[x+by,y+by,z+b,1]

- O O

0

1

0
b

b, b,

b,
The translation translates points.
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0 O
1 0
0 1 = [x,y,20]

o oo

1
0
[x,y,2,0] 0
b

x by b,

4
The translation does not translate vectors. Translation does not make sense for vectors because a
vector only describes direction and magnitude, independent of location.

17. Suppose that we have frames A and B. Let p, = (1,—2,0) and q4 = (1, 2,0) represent a
point and force, respectively, relative to frame A. Moreover, let Qz = (—6,2,0), ug =

1 1 1 1 . . . .
(5,5, O), Vg = (— N 0), and wp = (0,0, 1) describe frame A with coordinates relative to
frame B. Build the change of coordinate matrix that maps frame A coordinates into frame B

coordinates, and find pg = (x,y,2z) and qg = (x,y,z). Draw a picture on graph paper to verify

that your answer is reasonable.
Solution:

From Equation 3.9, the change of coordinate matrix is:

1 1 1

— — 00
cup - V2 W2
“vg—>| 11 1
~wg~-| |T= = 0 0
Q- 02 \/07 10

6 2 0 1

Then to transform points and vectors from frame A into frame B we multiply the frame A coordinate
vectors by the matrix:

11,
V2 V2

_ 1 1

pg=[1 -2 0 1]|—— — o o
V2 V2
0 0 10
-6 2 0 1

—1—6——+201]

V2 V2

~[-388 129 0 1]
L1
NP
1 1

g =[1 2 0 0lj—— — o o
V2 2
0 0 10
-6 2 0 1
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oL 3
L2 V2 ]
~[-707 212 0 0]

x{/"
Frame A - 2.12
1.29
+X
Frame B

[Figure D.5: Change of coordinates from frame A to frame B.]

19. Consider the triangle defined by the points p; = (0,0,0), p, = (0,1,0), and p3 = (2,0, 0).
Graph the following points:

a) %Pl + %Pz + %P3

What is special about the point in part (a)? What would be the barycentric coordinates of p, and
the point (1,0, 0) in terms of p;, p,, p3? Can you make a conjecturer about where the point p
will be located relative to the triangle if one of the barycentric coordinates is negative?

Solution:
1 1 1 1 1 1 21
8)$P1 +3P2 +3Ps =3(0,0,0) +(0,1,0) +5(2.0,0) = (3,3,0)
b) 0.7p; + 0.2p, + 0.1p3 = 0.7(0,0,0) + 0.2(0,1,0) + 0.1p3(2,0,0) = (0.2,0.2,0)
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c) 0.0p; + 0.5p, + 0.5p5 = 0.0(0, 0,0) + 0.5(0,1,0) + 0.5p3(2,0,0) = (1,0.5,0)

d) —0.2p; + 0.6p, + 0.6p3 = —0.2(0,0,0) + 0.6(0,1,0) + 0.6p3(2,0,0) = (1.2,0.6,0)

e) 0.6p; + 0.5p, — 0.1p3; = 0.6(0,0,0) + 0.5(0,1,0) — 0.1p3(2,0,0) = (—0.2,0.5,0)

f) 0.8p; — 0.3p, + 0.5p; = 0.8(0,0,0) — 0.3(0,1,0) + 0.5p5(2,0,0) = (1,-0.3,0)

The point in part (a) is the centroid. p, = Op; + 1p, + Op;3 so the barycentric coordinates are
(0,1,0). (1,0,0) = %m + %pg so the barycentric coordinates are (% 0, %) For negative
barycentric coordinates, the points lie outside the triangle.

+Y

P2

(=2,5)e )

+X

[
(1,-.3)

[Figure D.6: Plotting barycentric coordinates.]

21. Consider Figure 3.16. A common change of coordinate transformation in computer graphics
is to map coordinates from frame A (the square [—1,1]?) to frame B (the square [0,1]? where the
y-axes aims opposite to the one in Frame A). Prove that the change of coordinate transformation
from Frame A to Frame B is given by:

0.5 0 0 0
0 -05 0 O / /
) ) 0 1 = ) )
oy, 0 a0 %0 Y=, v, 0 1]
05 05 0 1
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+Y
(1L

+X
(0,0)

+X

-1-1 L1
+Y

[Figure D.7: Change of coordinates from frame A (the square [—1,1]?) to frame B (the square
[0,1]% where the y-axes aims opposite to the one in Frame A)]

Solution:

From Equation 3.9, the change of coordinate matrix is:

—ug —
—vp -
«—Wwp =
< Qp -

¥, ¥y, 2, wl=[x ¥ z W]

That is, we need to describe the coordinate system of frame A (origin and axes) with coordinates relative
to frame B. (We use homogeneous coordinates.) The origin in frame A is the center of the square, which
has coordinates Q; = (0.5,0.5,0,1). The x-axis of frame A aims in the same direction as frame B, and,
along this axis, one unit in frame A is half a unit in frame B; therefore, ugz = (0.5,0,0,0). The y-axis of
frame A aims in the opposite direction as frame B, and along this axis, one unit in frame A is half a unit in
frame B; therefore, vz = (0,—0.5,0,0). Since this is a 2D problem, we will just assume that the z-axes
are the same in both coordinate systems; therefore, wy = (0,0, 1,0). Substituting these numbers into the
above yields the desired transformation matrix:

0.5 0 0 0
0 -05 0 O
0 0 1 0
05 05 0 1

23. Consider the transformation 7 that warps a square into a parallelogram given by:
t(x,y) = Bx +y,x + 2y)

Find the standard matrix representation of this transformation, and show that the determinant of
the transformation matrix is equal to the area of the parallelogram spanned by (i) and 7(j).
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+Y tY

ik !
, +X

1

[FigD.8.bmp: Transformation that maps square into parallelogram.]

Solution:
7(1,0) = (3,1)
7(0,1) = (1,2)
3 1
a=[] ,

detA=6—-1=5
The area of the parallelogram spanned by by =(i) and z(j) is given by:

Area = Base X Height
= lt@IlllzG) Il sin 6
= [lz(@) x Tl

The cross product is not defined in 2D, but we can do a trick and augment to 3D space with
z = 0 so that we can use the cross product. Note that using z = 0 does not affect the magnitude
or direction of the vectors.

(3,1,0) x(1,2,0) = (0,0,5)

=1(3,1,0) x (1,2,0)l
= 11€0,0,5)l|
=5

Also see Chapter 2, Exercise 15. So observe that the area of the parallelogram (square) defined
by the standard basis vectors i and j is 1, and the area of the parallelogram spanned by (i) and
7(j) is 5. Therefore, the transformation = changed the volume (or area in 2D) from 1 to 5 when it
warped it from a unit square to the parallelogram spanned by (i) and z(j).

25. A rotation matrix can be characterized algebraically as an orthogonal matrix with
determinant equal to 1. If we reexamine Figure 3.7 along with Exercise 24 this makes sense; the
rotated basis vectors (i), 7(j), and 7(K) are unit length and mutually orthogonal; moreover,
rotation does not change the size of the object, so the determinant should be 1. Show that the

Page 20 of 51



Appendix D Selected Solutions, Introduction to 3D Game Programming with DirectX 12, by
Frank D. Luna

product of two rotation matrices R;R, = R is a rotation matrix. That is, show RR” = R’R =1
(to show R is orthogonal), and show detR = 1.

Solution:

R:R;(R;R;)" = R;R,;RIR] = R;RT =1
(R1R,)"RiR, = R;R{R;R; =R}R,; =1

Using the fact that det(AB) = detA - det B:
det(Rle) = det(Rl) det(Rz) =1

27. Find a scaling, rotation, and translation matrix whose product transforms the line segment
with start point p = (0,0,0) and endpoint q = (0,0,1) into the line segment with length 2,
parallel to the vector (1,1, 1), with start point (3,1,2).

Solution:

The line segment currently aims along the z-axis with a length of 1. To make it have a length of
2, we first scale it 2-units on the z-axis. In order to rotate the line segment so that it is parallel to
(1,1, 1) we need to rotate by an angle 6 in the plane that contains the vectors (0,0,1) and
(1,1,1) (see Figure). The axis of rotation is given by u x v = (0,0,1) x (1,1,1) = (1,1, 0).
The angle we need to rotate is given by the angle between the vectors (0,0,1) and (1,1, 1):

-4 uv 1 1
0 = cos =cos - — = 54.73°

llulllvl] V3

Finally, we must apply a translation T(3,1,2).

[FigD.9: To rotate u so that it aims in the same direction as v, we must rotate u by an angle 6
about the axisw = u X v.]

Chapter 5

1. Construct the vertex and index list of a pyramid, as shown in Figure 5.35.
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Solution:

Vy

A4l

\{)
Vo

[FigD.10: Vertices of the pyramid.]

Vertex vertices[5] = {v0, v1, v2, v3, vid};
UINT indices[] = {

OI lI 2’

1, 3, 2,

1, 4, 0,

0, 4, 2,

2’ 4’ 3’

3, 4, 1

}i

3. Relative to the world coordinate system, suppose that the camera is positioned at
(=20, 35,—50) and looking at the point (10, 0,30). Compute the view matrix assuming (0,1,0)
describes the “up” direction in the world.

Solution:

Figure 5.20 shows the setup. Let Q = (—20,35,—-50), T = (10,0,30) and j = (0,1,0). The
direction the camera is looking is given by:

T—-Q (30,—-35,80)
w = =
IIT — Q| 5v341

This vector describes the local z-axis of the camera. A unit vector that aims to the “right” of w is
given by:

= (.3249,-.3791,.8664)

jxw  (.8664,0,—.3249)

_ = = (.9363,0,—.3511
=< wil 19254 ( )

This vector describes the local x-axis of the camera. Finally, a vector that describes the local y-
axis of the camera is given by:
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v=wXxu=(.1331,.9253,.3549)

The view matrix is:

Uy Ux wy 0] 1.9363 .1331 .3249 0
v=| % vy wy 0_] o0 .9253 —.3791 0
u, v, w, 0 |-3511 .3549 .8664 0
—-Q'u -Q'v —Q-w 1 1170 —-11.98 63.09 1

You can verify the answer by writing the following code and inspecting the matrix elements:

XMMATRIX K = XMMatrixLookAtLH (
XMLoadFloat3 (&XMFLOAT3 (-20.0£f, 35.0f, -50.0f)),
XMLoadFloat3 (&XMFLOAT3 (10.0£, 0.0f, 30.0f)),
XMLoadFloat3 (&XMFLOAT3 (0.0£f, 1.0f£, 0.0f)));

5. Suppose that the view window has height 4. Find the distance d from the origin the view
window must be to create a vertical field of view angle 8 = 60°.

Solution:

t 30°—2
an _d

= 3.464

d= tan 30°
7. Suppose that you are given the following perspective projection matrix with fixed 4, B, C, D:

A

oo o
oo
oOR OO

0
0
0

Find the vertical field of view angle a the aspect ratio r, and the near and far plane values that
were used to build this matrix in terms of A, B, C, D. That is, solve the following equations:

1
A= rtan(a/2)
1
B= tan(a/2)
C = F-n
_
=7
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Solving these equations will give you formulas for extracting the vertical field of view angle a
the aspect ratio r, and the near and far plane values from any perspective projection matrix of the
kind described in this book.

Solution:

Dividing the second equation by the first equation yields:

B 1 rtan(a/2) B
A tan(a/2) 1 B
The second equation implies:
a 1
tan (E) = E

We solve the third equation for f:

—Tlf
- —n
Df —Dn = —nf
Cn Cn
DC—l_Dn:_nC—l
CDn — Dn(C — 1) = —Cn?
Dn = —Cn?
D =-Cn
D
n=-¢
Now,
Cn -D D
=i c=i71=¢
In summary,
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8. For projective texturing algorithms, we multiply an affine transformation matrix T after the
projection matrix. Prove that it does not matter if we do the perspective divide before or after
multiplying by T. Let, v be a 4D vector, P be a projection matrix, T be a 4 x 4 affine
transformation matrix, and let a w subscript denote the w-coordinate of a 4D vector, prove:

((v‘;’P)W) T= (S;PTT))W

Solution:

Using the properties of matrix algebra, we have:

((v‘;’P)W> T= (vIl’)W (vPT)

But T is given as an affine transformation matrix, which means it does not modify the w-
coordinate. Hence, we have (VP),, = ((vP)T)W = (VPT),,. Hence,

vP T 1 PT) — (VPT)
<(vP)W) =om, PP =),

10. Let [x, y, z, 1] be the coordinates of a point in view space, and let [X,,4. , Vindc » Zndc» 1] b€ the
coordinates of the same point in NDC space. Prove that you can transform from NDC space to
view space in the following way:

Xy 171 divide by w
- y —)[xlylzll]

-1 _
[xndcryndc'zndc' 1]P - [Z’Z’ 7

Explain why you need the division by w. Would you need the division by w if you were
transforming from homogeneous clip space to view space?

Solution:

Recall from Equation 5.1 and 85.6.3.5 that:
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B x
nde = 17 tan(a/2)
_ y
Ynde = ztan(a/2)
_ —nf
ot = F o -z

where (x,y, z) are view space coordinates.

- a
rtan (E) 0 0 0
a
0 tan (E) 0 0
[xndc y Ynder» Zndc » 1] f _n
0 0 0 —
nf
1
0 0 1 Z
- - f 1 n
a a —-n
= |Xpqc 7 tan (E) » Ynde tan (E) 1, =740 7 + E]

x a y a f -nf \f—n
B _rztan(a/Z)rtan (E)'ztan(oc/Z) tan (E)'l'_ (f -n + (f — n)z) nf
_'xyl(—f nf )f—n 1]

“lzz 7 f—n+(f—n)z nf +Z
[X — n 1
N AT
|z z nf znf/ n
xy -1 1 1
= —,—,1,—+—+—]
[z z 1n Z n
X
= _12;11_]
|z z 'z

)

[x y 11 divide by w
z'z" 7z

1 ol — x;y,Z;]-]

The steps to go from view space to NDC space are multiplying by the projection matrix,

1
=
n

followed by a division by w = z. Therefore, to transform back from NDC space to view space,
we multiply by the inverse projection matrix followed by a division by w = 1/z (which is

equivalent to multiplying by w = z).

If you are given points in homogeneous clip space (before the divide by w = z), then you
do not need to divide by w in the inverse transformation. In homogeneous clip space, the point

[Xndc» Vnde» Znde» 1] has coordinates [zx,,4c , ZYndce » ZZndc» Z):
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a
rtan (E) 0 0
a
0 tan (E) 0 0
[andchYndC»Zanc»Z] f —-n
0 0 0 -
nf
1
0 0 1 —
n

= [xndc T tan (%) » Ynde tan (%) v Zy, = Zndec fn;fn + l]

i o zy a f -nf \f-n 1
- [rz tan(c§/2) rtan (E) "ztan(a/2) an( ) i (f (f n)z) nf + E]
=|x,v2z1

13. Consider the 3D shear transform given by S, (x,y,z) = (x + zt,, y + zty, z). This
transformation is illustrated in Figure 5.37. Prove that this is a linear transformation and has the
following matrix representation:

+Z

(x+r, ytt,

( » 1) g |
N

+Y

[FigD.11: The x- and y-coordinates sheared by the z-coordinate. The top face of the box lies in
the z = 1 plane. Observe that the shear transform translates points in this plane.]

Solution:

(u+v)—((ux+vx)+(u +vZ)tx,(u +v)+(u +v,)t,,u, +v)
(ux+ut)+(vx+vt)(u +uzty)+(v +vzty)u +v)

= (Uy + Upty, uy + Uty u, ) + (v + Vit vy + 15y, 1)
= Syy (W) + S,y (V)

/N

Sy (ku) = (kux + ku,ty, ku, + ku,t,, kuz)
= k(ux + Uty uy + Uty u, )
= kS, (u)
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So Sy, is alinear transformation. To find the matrix representation, we apply it to the standard
basis vectors:

Sy () = 5,,(1,0,0) = (1,0,0)
Sxy () = $4,(0,1,0) = (0,1,0)
Sey (K) = S,,(0,0,1) = (t,,t,,1)

The matrix representation is found by inserting the above three vectors into the rows of a matrix:

Sy =|cSy—|=|0 1 0
te t, 1

< Sxy(i) - [1 0 O]
< Syy(K) -

Chapter 9

5. Let po, p1, and p, be the vertices of a 3D triangle with respective texture coordinates qq, q,
and q,. Recall from 88.2 that for an arbitrary point on a 3D triangle p(s,t) = po +

s(p1 — po) + t(p, —po) Wheres > 0,t > 0,s + t < 1, its texture coordinates (u, v) are found
by linearly interpolating the vertex texture coordinates across the 3D triangle by the same s, t
parameters:

(w,v) = qo +s(q; — qo) + t(q2 — qo)
a) Given (u,v) and qg, q;, and q,, solve for (s, t) in terms of u and v (Hint: Consider the vector
equation (w, v) — qo = s(q; — qop) + t(qz — qo)-
b) Express p as a function of u and v; that is, find a formula p = p(u, v).
c) Compute dp/du and dp/dv and give a geometric interpretation of what these vectors mean.
Solution:
a) Let qo = (ug, o), 91 = (g, v1), and q; = (up, v2):

(u,v) — (ug, vo) = s(uy — up, vy — Vo) + t(uy — up, v — vg)

(S | W g P

V1 — 7y VUV, — 7V UV —7
. . A Al .
From Example 2.10, the inverse of a 2 X 2 matrix A = [A“ A12] is given by:
21 22
Al = 1 Az, —A12]
Aj1Agy — ApAy =421 Any

We can solve for [i] by multiplying by the inverse:
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Uy — Uy Uy — U] " [U— Uy

) [t] [vl — Vg —vo] [v—vo]
Vp — Vg Ug— Up1[U— Yy
. [UO -V U —UO] [v—vo]

- (u; —up) (v —vp) — (ug —up) (v — vp)

In other words, given the texture coordinates (u, v) of a point on a triangle, we can solve for the
parametric coordinates (s, t) that yield the 3D point corresponding to the texture point (u, v).

b) Part (a) showed that s = s(u, v) and t = t(u,v). Therefore: p(s,t) = py + s(p1 — pPo) +
t(p, — po) can be expressed in terms of (u, v):

p(u,v) = p(s(u, v), t(u, v))
= po + s, v)(p1 — Po) + t(w, v) (P2 — Po)

c) First, note that:
[172 — Vo Uy — uz] [u - uo]

[s(u,v) _ Vo—V; U —Ugllv—vy
tw,v)]  (u —up) (v, — vp) — (uz — up) (v — vyp)

[Js 1 Uy —

V| v — o]

g_t(u’ V) (U1 —up) (v —v) — (uz — up)(vy — vp)
[0S 1 Up — Uy

%(u, 2 _ U — uo]

g_f} (u,v) (uy —up) (v —vp) — (uz — up) (V1 — V)

Now the partial derivatives are given by:

(’)p (’)p ds Lop Jdp dt
ou 0dsou Ot ou
= (P1— Do) 2 + (P — po) =
= (P1 —Po u P2 —Po u
_ (p1 —Po) (w2 —vp) + (P2 — Po)(Wp — v1)

— (ug = up) (v — o) — (uz — ug) (Vg — vp)
_(p1 —Po) (v —vo) — (P2 — Po) (V1 — )

B (U —up)(wy —vo) — (U2 — up) (vy — vp)
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A’Ul €y — Av0e1

- Aquvl - AulAUO
where we use the notation:

€ = P1—Po
€1 =P2 —Po
Au0=u1—u0
Au1=u2—u0

Avl =V — 7y

Similarly,
dp 0poOs +0p6t
dv  dsdv at v
—( ) ds +( ) dat
= (P1 —Po v P2 —Po v
_ (P1 — Po) (up — uz) + (P2 — Po) (g — up)
(uy —ug) (v —vg) — (up — up) (v — vy)
_ —(p1 — po)(uz —up) + (p2 — po) (ug — up)
(uy —ug) (v —vg) — (up — ugp) (v — vg)
_ —Au1e0 + Aqul
- Aquvl — AulAUO
In summary,

op  Avieq — Avgey
ou  AugAv, — AuyAv,

ap _ —Au1e0 + Aqul
ov  AugAv, — AuyAv,

ap
«— % e _ 1 A‘Ul _Avo] < € —>]
op AugAv, — AvgAuq |—Auy; Auy [l € =
«— % e

Compare this result to the one derived in §19.3; we have simple derived the forumla in 819.3in a
different way.

The 3D vector Z—E gives us the “velocity” we move in 3D space when we move in the U-
direction in texture space. Put another way, it tells us the direction of the texture space u-axis in
3D space. Likewise, the 3D vector Z—E gives us the “velocity” we move in 3D space when we
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move in the v-direction in texture space (i.e., the direction of the texture space v-axis in 3D
space).

6. See “TexColumns” on the DVD.

Chapter 11

np
n:(p
component, as was done in §10.5.1 for directional lights.

2. Provethats = p — ii) (p — L) = pSpoimn: by doing the matrix multiplication for each

Solution:
Let p = (p1,p2,03,1). Fori € {1,2,3}, the ith coordinate of s = pS,,,;,; is given by:

si=m-L+d)p;—L(n-p+d)
=pn-L+pd—Ln-p—1Ld
=pmn-L+pd+(@n-p—pn-p)—Ln-p-Ld
=pn-L—pn-p+pm-p+d) —L(n-p+d)
=pmn-(L-p)+pm-p+d—Li(n-p+d)
=-—pn-(p-L)+ @ —L)n-p+d

and the fourth coordinate is given by:

s;=—n-p+n-L
=-n-(p—L)

Doing the homogeneous divide we obtain:

" =_pin'(p_L)‘l'(pi_Li)(n'p+d)

; - (p-1L)
_ n-p+d
bi n- (p _ L) (pl Ll)
But this is exactly the ith coordinate of s = p n'.';:i) (p— L), so
_ n-p+ _
S p n- (p _ L) (p L) - pspoint

Chapter 13

5. See “WavesCS” on the DVD.
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6. See “SobelFilter” on the DVD.

Chapter 15

1. Given the world space axes and origin in world coordinates: i = (1,0,0), j = (0,1,0), k =
(0,0,1) and O = (0,0,0), and the view space axes and origin in world coordinates: u =

(U Uy, Uy ), V = (00, 1y, 1,), W = (W, wy,w,) and Q = (Qx, Qy, Q,), derive the view matrix
form

Uy Uy W, 0

V= u, 12 w,, 0
U, v, w, 0

—-Q'u Qv -Q-w 1

using the dot product. (Remember, to find the change of coordinate matrix from world space to
view space, you just need to describe the world space axes and origin with coordinates relative to
view space. Then these coordinates become the rows of the view matrix.)

Solution:

+Y View Frame

World Frame

[Figure D.12: Finding the world space coordinates in view space.]

All the given vectors have coordinates in world space, and all the axis vectors are unit vectors.
However, using the dot product, we can obtain view space coordinates of the world space. From
the figure, we see:

[i]
[j]
[K]

(i-wi-vi-w)=(u,v,w,)
Gujvjw= (uy'vy'wy)
k-uk-vk-w) = (u,,v,w,)

14
V:
14
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0], =((0-Q) u,(0-Q)v,(0-Q -w)=(—Q u,—-Qv,—Q W)

Augmenting to homogeneous coordinates and putting these vectors into the rows of a matrix
yields the view matrix.

Chapter 16

2. The plane equations in NDC space take on a very simple form. All points inside the view
frustum are bounded as follows:

—1<xp =<1
_1Syndc <1
0<2zpy <1

In particular, the left plane equation is given by x = —1 and the right plane equation is given by
x = 1in NDC space. In homogeneous clip space before the perspective divide, all points inside
the view frustum are bounded as follows:

—W<x;, <wW
WSy, <w
OSZhSW

Here, the left plane is defined by w = —x;, and the right plane is defined by w = x;,. Let

M = VP be the view-projection matrix product, and let v = (x, y, z, 1) be a point in world space
inside the frustum. Consider (x,, vy, 25, w) = VM = (V- M, 1,v-M,,,v-M,3,v- M, ) t0
show that the inward facing frustum planes in world space are given by:

Left 0=p- (M, +M,)
Right O=p- (M*,4 - M*,l)
Bottom 0=p- (M, +M,,)
Top 0= P (M*A- - M*,Z)
Near 0=p-M,3

Far 0=p- (M, —M,y;)
[Notes]

a) We ask for inward facing normals. That means a point inside the frustum has a positive
distance from the plane; in other words, n - p + d > 0 for a point p inside the frustum.

b) Note that p,, = 1, so the above dot product formulas do yield plane equations of the form
Ax+By+(Cz+ D =0.

¢) The calculated plane normal vectors are not unit length; see Appendix C for how to normalize
a plane.
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Solution:
We assume v = (x,y, z,1) is a point inside the frustum. Therefore, its coordinates
(Xp, Yn zp,w) =VvM = (v-M,;,v-M.,,v-M,3,v-M,,) in homogeneous space are bounded as
follows:

—Ww=Sx, <w

“WSY, <wW

0z, 5w
We can make substitutions to find the plane bounds in world space.
Left Plane:
—w < xp

-v-M,, <v-M,,
0<v-(M.;+M,)

That is, v is in the positive half-space of the world space plane p - (M*,l + M*l4) =0.
Right Plane:
Xp < w
v:-M,; <v-M,,
0<v-(M.,—M,;)
That is, v is in the positive half-space of the world space plane p - (M*_4 - M*,1) =0.
Bottom Plane:
—W =Y
—-v-M,, <v-M,,
0<v-(M.,+M.,)
That is, v is in the positive half-space of the world space plane p - (M*,z + M*l4) = 0.
Top Plane:
Yh =W

V- M,,<v-M,
0<v-(M,—M,,)
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That is, v is in the positive half-space of the world space plane p - (M*A - M*,z) =0.
Near Plane:

OSZh
OSV'M*'g

That is, v is in the positive half-space of the world space plane p - M, 3 = 0.
Far Plane:

Zp <w
V- M,3<v-M,,
0<v-(M.,—M,3)

That is, v is in the positive half-space of the world space plane p - (M*A — M*l3) =0.

4. An OBB can be defined by a center point C, three orthonormal axis vectors ry, ry, and r,
defining the box orientation, and three extent lengths a,, a;, and a, along the box axes ry, ry,
and r,, respectivey, that give the distance from the box center to the box sides.

a) Consider Figure 15.13 (which shows the situation in 2D) and conclude the projected “shadow”
of the OBB onto the axis defined by the normal vector is 2r, where

r = |aory n| + |ayr; - n| + [a,r, - n|

b) In the previous formula for r, explain why we must take the absolute values instead of just
computing r = (agry + a;r; + a,r;) *n?

c) Derive a plane/OBB intersection test that determines if the OBB is in front of the plane,
behind the plane, or intersecting the plane.

d) An AABB is a special case of an OBB, so this test also works for an AABB. However, the
formula for r simplifies in the case of an AABB. Find the simplified formula for r for the
AABB case.

Solution:
b) If one of the r; - n terms is negative, the sum (agry + a;r; + a,ry) - n will not give the

“radius” of the OBB. To explain it another way (in 2D), let the vectors from the box center to
the corners be given by:

Vg = +a0r0 + arg

vV, = +a0r0 —an
V2 = —QoTp — a1
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V3 = —Qaply + ar

Vo = +a0r0 + ar;

V3 = —aply + ar;

vV, = +a0r0 —arn

Vy, = —QpIp — a1

[Figure D.13: The corner vectors. Note that these are not the corner points, but the vectors from
the center point to the corner points.]

The OBB “radius” is the corner vector that gives the largest projection onto n:

r=max(n-vy,n-vy,N-vy,N-V3)

n-vp=n-aqgrp+n-airn;
n-v, =n-aqprp —n-an
n-v, =—n-aqgfp —Nn-a1n
n-vy=-—-n-qyry+n-ar;

The maximum will be the one where all terms are positive (or all terms are negative) so that
there is no cancellation between the terms. In other words, the maximum will be equal to:

r=max(n-vy,n-vy,n- vy, n-vy) = |agry - n| + |a;r; - n|
The same argument generalizes to 3D where there are 8 corner vectors.
c) The signed distance from the center of the OBB to the planeis k = n-c+d. If |k| < r then
the sphere intersects the plane. If k < —r then the OBB is behind the plane. If kK > r then the
OBB is in front of the plane and the sphere intersects the positive half-space of the plane.

d) In the case of an AABB, r, = (1,0,0), r; = (0,1,0), and r, = (0,0,1); therefore:

7 = |agry - n| + |ayry - n| + |azr, - n|
= |a0nx| + |a1ny| + |a2nz|

Chapter 20

6. Derive the matrix that maps the box [I,r] X [b, t] X [n, f] » [-1,1] X [-1,1] x [0,1]. This is
an “off center” orthographic view volume (i.e., the box is not centered about the view space
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origin). In contrast, the orthographic projection matrix derived in §21.2 is an “on center”
orthographic view volume.

Solution:

For all three coordinates, we need to remap an interval onto another interval. We can solve this
problem generally once, and then apply it to each coordinate. We want to map [s, t] — [u, v].
We assume the mapping takes the form g(x) = ax + b (i.e., a scaling and translation). We have
the conditions g(s) = u and g(t) = v, which allow us to solve for a and b:

as+b=u
at+b=v

The first equation implies b = u — as. Plugging this into the second equation we get:

at+u—as=v
a(t—s)=v—u

a=

Ct—s
And so:
b=u-—as
v—u
=u-—- S
t—s
u(t—s)—vs+us
B t—s
ut —us — vs + us
B t—s
ut — vs
T t—s
Therefore,

() v—u +ut—vs
X) = X
g t—s

t—s
Applying this formula to our specific intervals, we obtain the transformations:
[L,r] - [-11]

’ 2 l—T'

r—1 r—1
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. 2 +b—t
M G
[n, f] - [0,1]
. 1 4 —-n
VA _f—nZ f—n
Or in terms of matrices:
r 2
0 0 0
r—1
0 2 0 0
’ ’ ’ t_b
[xlyizll]:[xﬂylz’l] 1
0 0 0
—n
l—r b-—t —-n
r—0l t—b f—n

7. In Chapter 17 we learned about picking with a perspective projection matrix. Derive picking
formulas for an off-centered orthographic projection.

Solution:

Let (sx, sy) be the picked point in screen space. Inverting the viewport transformation, we get
the corresponding point in NDC space:

25s,
Xnde = -
Zsy
Ynde = _T +1

The orthographic projection matrix transforms the view volume from view space to NDC space.
The off-centered orthographic projection transformation is:

2

r—1

[xw Yvir Zy, 1] 1 = [xndc'yndc'zndc' 1]

l—r b—t —n
lr—1 t—b f—n

In particular, this gives the two equations:
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2x, l—-r
r—1 r—l_xndc
2y, b-—t

+ — =
t—b t—b Yndc

We can then solve for the view space coordinates (x,, y,) in terms of (sx, sy):

2x, l—7r 2y, b-t
R R t—b t—p e
2x, l—r 2y, b—t
1 Tmde T t—p  nde T
r—1 r—10 l—r t—b> t—b b-t
Xy = 2 Xnde — 2 r_1 yv:Tyndc_T'm
X =xndc_P30 =yndc_P31
v 2 POO Y 9 P11
S S
Wx_l_P?»O —Ty+1—P31
X, = ———— =
’ Pyo Yo Py

Then our picking ray in view space is given by r(t) = (x,,y,,0) + t(0,0,1). Note thatin an
orthographic projection, all the rays are parallel to the z-axis direction (0,0, 1).

Sample code:

Ray3 CalcWorldPickRay (XMMATRIX P, Point s, Size viewport)
{

float sx = (float)s.X;

float sy = (float)s.Y;

float w = (float)viewport.Width;

float h = (float)viewport.Height;

float x = (2.0f*sx/w - 1.0f)/P(0,0) - P(3,0)/P(0,0);
float y = (-2.0f*sy/h + 1.0f)/P(1,1) - P(3,1)/P(1,1);

Ray3 pickRay;
pickRay.Origin
pickRay.Direction

XMFLOAT3 (x, vy, 0.0f);
XMFLOAT3 (0.0f, 0.0f, 1.0f);

return pickRay;

}

Note: This works for an off-centered orthographic projection matrix and a centered one since a
centered one is just a special case of the off-centered one.

Chapter 22

3. Rotate the vector (2, 1) 30° using complex number multiplication.
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Solution:

Z=2+i

V3 1
Z, = (cos 30° + i sin 30°) =7+Ei

z =17z, =(2+i)<£+li>

2 2
V3 1
23—-1 3+2.
== T

We can verify this by seeing if we get the same answer with a rotation matrix:

[ ][c0530° sin 30°
"77l—sin30° cos30°

|=r21]

_[2v3-1+v3+2
R

5.Letz = a + ib. Show |z|? = zzZ.
Solution:

zZ = (a + ib)(a — ib)
= a® — abi + abi — b?%i?
= a? + b?

()

= |z/?

6. Let M be a 2 x 2 matrix. Prove that detM = 1 and M~! = M7 if and only if M =

cos 6 sin 9]. That is, if and only if M is a rotation matrix. This gives us a way of testing if
—sinf cos@

a matrix is a rotation matrix.
Solution:

My My,

LetM = [
My, My,

] and suppose detM = 1 and M~ ! = M7,

detM = 1 along with
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M M M M 1 0
MMm? = [V 12] [ 11 21] _
My, My [ (M, My, [0 1

imply the following equations:
Mi +Mf, =1
M3 + MZ, =1
MMy — MpMpy =1

Now,

(M + ME,) + (M3, + M3,) = 2
2(My1 M3y — M3 Myq) = 2

Therefore,

MZ, + Mf; + M3, + M3, — 2M11 Moy + 2M1,Myy = 0
(M{y — 2My1 My, + M3,) + (ME, + 2My;Myy + M%) =0
(My; — Mp)* + (Myp + Mp1)* =0

Both terms are positive; hence, we must have:

My, = My,
and
My, = —My,
So our matrix has the form:
[A B
M= [—B A]

Finally, because det M = A% + B? = 1 there exists a 8 such that A = cos 8 and B = sin 6, and
we get our result:

_[A Bl _[cos@ sinf

M= [—B Al [—sinH cos @

cos @ sin @

Now suppose M = [_ sinf® cosé@

]. Then

cosf sinf] _ 2 P
det[—sin@ cose] =cos“ 6 +sin“6 =1
M7 = cosf —sinéd

[sinH cos @
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MMT_[COSB sin@”cos@ —sinf _[1 (1)]

B —sir61'9 cqs% sinﬁe cos 90 B (i L
MT M = COoS — Sin COoS Sin —
[sin 0 cosf ] [— sinf@ cos 9] [0 1]
Therefore, detM = 1 and M~! = M”. In other words, all rotation matrices have determinant 1
and are orthogonal, and every orthogonal matrix with determinant 1 must be a rotation matrix.

7.Letp=(1,2,3,4)and q = (2,—1,1,—2) be quaternions. Perform the indicated quaternion
operations.

ap+q

b.p—q

C.pq

d. p”

e.q

f.p'p

g- lpll

h. llqll

i.p?

jq7!

Solution:

ap+q=(3142)

b.p—q=(-1,3,2,6)
ba —P3 P2 DP1][% 4 -3 2 1] 2 11

c.pq = D3 Py —P1 PZHCIZ _ 3 4 -1 2‘[—1 _ -3
P2 P bs DP3||43 -2 1 4 3|1 -7
—P1 —P2 —P3 Pillqa -1 -2 -3 411-2 -11

d' p* = (_1r _21 _3p 4)

€. q* = (_2! 1!_1; _2)
fpp=Ipl?=12+22+32+42=1+4+9+16=230
g llpll = V30

h. llqll = V22 + 12 + 12 + 22 =+/10

. _ * -1,-2,-3,4
i p 1_ PZ _ )
lIpll 30
. -1 _ q* _ (-2,1,-1,-2)
14 =g 10
XMVECTOR p = XMVectorSet(l1.0f, 2.0f, 3.0f, 4.0f);
XMVECTOR g = XMVectorSet(2.0f, -1.0f, 1.0f, -2.0f);
XMVECTOR a = p + q;
XMVECTOR b = p - g;
XMVECTOR ¢ = XMQuaternionMultiply(q,p )
XMVECTOR d = XMQuaternionConjugate (p);
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XMVECTOR e = XMQuaternionConjugate (q) ;
XMVECTOR f = XMQuaternionMultiply (XMQuaternionConjugate (p),p):
XMVECTOR g = XMQuaternionLength (p);
XMVECTOR h = XMQuaternionLength(q);
XMVECTOR 1 = XMQuaternionInverse (p);
XMVECTOR j = XMQuaternionInverse (q);
cout << "p + g = " << a << endl;

cout << "p - g = " << b << endl;

cout << "pg = " << ¢ << endl;

cout << "p* = " << d << endl;

cout << "g* = " << e << endl;

cout << "p*p = " << f << endl;

cout << "||pl|] = " << g << endl;

cout << "||qgl||] = " << h << endl;

" << 1 << endl;
" << j << endl;

cout << "invP
cout << "invQ

V3

9. Write the unit quaternion q = (7, 0,0,— %) in polar notation.

1
w=cosf = 60 = cos! (_§> =120°

V3 V3
(7,0,0) (7,0,0)
~sin(120° V3

2

= (1,0,0)

q = (sin(120°) (1,0, 0), cos(120°))

10. Find the unit quaternion that rotates 45° about the axis (1,1, 1).

q = (sin{3)n,cos (3
( ' (2250)(1 ! 1) (225°)>
= | Sin . —,—,—], COS .
333
= (.22094,.22094,.22094, .92388)

The division by 2 is to compensate for the 20 in Equation 24.3 because we want to rotate by the
angle 6, not 26.

XMVECTOR p = XMQuaternionRotationAxis (
XMVectorSet (1.0f, 1.0f, 1.0f, 0.0f),
XMConvertToRadians (45.0f)) ;

cout << "p = " << p << endl;

11. Find the unit quaternion that rotates 60° about the axis (0,0, —1).
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= (sin 3 meos(3))
q = | sin > n, cos >

= (sin(30°) (0,0, —1), cos(30°))
13
<0 03, 2)

The division by 2 is to compensate for the 26 in Equation 24.3 because we want to rotate by the
angle 6, not 26.

XMVECTOR p = XMQuaternionRotationAxis (
XMVectorSet (0.0£f, 0.0f, -1.0f, 0.0f),
XMConvertToRadians (60.0f)) ;

cout << "p = " << p << endl;

12. Letp = (% 0,0, ?) and q = (? 0, 0%) Compute slerp (p, q %) and verify it is a unit
quaternion.

Solution:
It is easy to verify that ||p|| = ||q]| = 1. The angle between the quaternions is given by:
V3 V3 V3
6 =cos™'(p-q) = cos™ <T+ T) = cos™! <7> =30°

sin((l — t)B) a+sin(td) b

slerp(a,b,t) =

sin 8
—d ( 1) _ sin(15°) p + sin(15°) q
r = slerp p,q,2 —\/_ \/_sin3(1;_ \/_
6 —/2 6 —2
_ g Pt—5a
- 1
\/8—\/§<1 ﬁ) V6 - \/_<x/_ )
= IOF Ol_ + FOI )
2 2 2 2 2
( V2 3\/§—x/€> <3x/§—x/€ \/6—\5)
= + IOl )
4 4 4
= ( 4 ) I ) >
_(Y2 502
S\ 27
: o : A
The interpolated quaternion is easily seen to be unit length: (7) + (7) =[zt:=1
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Observe that R), rotates about the axis (1, 0,0) by an angle 26 = 2 cos™! (g) = 2-30° = 60°,

that R, rotates about the axis (1,0, 0) by an angle 26 = 2 cos™* G) = 2-60° = 120°, and that

R, rotates about the axis (1,0, 0) by an angle 26 = 2 cos™! (g) = 2-45° =90°. With the

interpolation parameter being the midpoint % this makes sense, as 90° is right in the middle
between 60° and 120°.

XMVECTOR p = XMVectorSet (0.5f, 0.0f, 0.0f, sqrt(3.0)/2.0f);
XMVECTOR g = XMVectorSet (sqgrt(3.0)/2.0f, 0.0f, 0.0f, 0.5f);
XMVECTOR r XMQuaternionSlerp(p, g, 0.5f);

cout << "r " << r << endl;

14. Prove that qq* = q*q = q¢% + q% + g3 + q4 = ||lu||> + q2
Solution:
Letq = (u,w) = (91,92, 93,q4)-

aq’ = (u,w)(—u,w)
= (—wu+wu+ux (—u),w? +u-u)
= (0, [lull* + w?)
= |Jul|? + w?
=qi + 45 +q3 + 4}

Because the quaternion has zero vector part, we convert it to a real number as discussed in
§24.2.4. Similarly, it can be shown q*q = g% + q% + q% + q3.

16. Prove the following properties:

a.(pq)" =q'p”
b.(p+q " =p"+q"
c.(sqQ*=sq" for seR

d. [lpall = Ilpliqll

Solution:

Letp = (u,a) and q = (v, b) so that p* = (—u,a) and q* = (—v, b).

a)
qQ'p’ = (—v,b)(—u,a) = (b(~u) + a(=v) + (=v) X (—w), ba — (=v) - (~w))
=(—bu—av—-uxv,ba—u-v)
=(—av—bu—uxv,ab—u-v)
= (pa)’
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b)
(p+q" =(—u—v,a+bh)
=(-uw,a) +(-v,b)

(sq)” = (sv,sb)"
= (—sv, sb)
= s(—v,b)
= Sq*

d)
Ipall* = (pq) (pq)*
= pqq’p’
= pliqll®p*
= pp*liql?
= |Ipll*liqll
~ |Ipqll = lIpllliqll

sin ((1—t)@)a+sin (t6)b

sin 6

17. Prove a -

= cos(tf) algebraically.
Solution:
The key component is to apply the trig identity:
sin((1 - £)0) = sin(8 — t0) = sin(#) cos(th) — cos(8) sin(tH)
Now,

_ sin((1—¢)0)a+sin(td) b
a sin 6
sin((1-t)8)a-a+sin(td)a b

sin 6
sin((l - t)H) + sin(t@) cos O

sin 6
_sin(6) cos(t8) — cos(8) sin(t0) + sin(t) cos 6

B sin(6) cos(t0)

sin 6
= cos(t0)

sin @
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Appendix C

1. Let p(t) = (1,1) + t(2,1) be a ray relative to some coordinate system. Plot the points on the
ray att=0.0, 0.5, 1.0, 2.0, and 5.0.

Solution:
t=5,
+Y
*t=2
t=05 »w°t=1
AN
"= +X

[FigD.14: Plotting points on a line]

3. For each part, find the vector line equation of the line passing through the two points.

a) P1 = (2,_1), P2 = (4,1)
b) P1 = (4r -2, 1)1 P2 = (2, 3, 2)

Solution:
a)
p2—-p1 =41 -(2-1)=(22)
p(t) = p; +t(p2 — p1)
=(2,-1) +t(2,2)
b)

P2—P1 = (2, 3,2) - (4, _2: 1) = (_2; 5; 1)

p(t) = p; +t(p; —p1)
=(4,-2,1) +t(-2,51)

5. LetL(t) = (4,2,2) +t(1,1,1) be aline. Find the distance from the following points to the
line:

0,0,0)

q=(
q= (420
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q=1(0022)
Solution:

Apply the formula from the previous exercise.

g I(q —p) xull
[lull
_ (0,000 - (4,2,2)) x (1,1, ||
1(1, 1, D
_lI=4,-2,-2)x (1,1, D]
3
_ll©,2,-2)]
V3
_2V6
K
l(q —p) X ul
d =
[lull
_ (42,00 - (4,2,2)) x (1,1, D]
(1,1, D
_1I€0,0,-2) x (1,1, D
V3
_ Il =20
V3
_2V6
K
J= I(q —p) xull
[lull
_I(0.2,2) - (4.2,2)) x (1,1, 1|
11,1, DIl
_I(=4,0,0) x (1,1, Dl
V3
_ 1.4 =»l
V3
_4V/6
K
7. Let (% %\/1—? —5) be a plane. Define the locality of the following points relative to the

plane: (3v3,5v3,0), (2v3,v3,2v3), and (v3,-V3,0).
Solution:
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"2+ Z 520

V3 V3 V3 T
The plane equation is: % + % + % — 5 = 0. Plugging these points into the left-hand side of the
equation gives:

\/_+5\/§+0 5 = 3 = Front of pl
—— T T —=—90 = ronto ane
3 V33 b
2\/§+\/_+2\/_ 5=0= Onpl
—+—=+—=-5= n plane
3 V3 V3 b
V3, VB 0
— + ——+—=—>5 = -5 = Behind plane
NERENE I
1
9. Let( 5 ,\/_) be a plane. Find the reflection of the point (0,1,0) about the plane.
Solution:

From the previous exercise, we know that (3, —2,0) is a point on the plane.
B = (=% 5.0 = 1. we have that
ecause n = ||( N )|| = 1, we have tha

proja,(p —po) = (M p —n-py)n
=(m-p+dn

Now we can apply the formula from §C.4.9:

q=p — 2proj,(p — Po)
=p—-2(n-p+dn

-p-2(g )
T\ 2
- 01,0 - Z(-—= L
R, AN Y,
=(0,1,0) + (6,—6,0)
= (6,—5,0)
10. Let (\/_ \/1_ \/1_,—5) be a plane, and let r(t) = (—1,1,—1) + t(1,0,0) be aray. Find the

point at which the ray intersects the plane. Then write a short program using the
XMPlaneIntersectLine function to verify your answer.

Solution:

Page 49 of 51



Appendix D Selected Solutions, Introduction to 3D Game Programming with DirectX 12, by
Frank D. Luna

1

—+5
_—n'pp—d_ 3 _
==y T =1+5/3
V3

r(1+5v3) = (-1,1,-1) + (1 + 5v3)(1,0,0)
=(-1,1,-1) + (1 +5v3,0,0)
= (5v3,1,-1)

We plug (5\/§, 1, —1) into the plane equation to verify it indeed lies on the plane:

53 1 -1
— —5=0= On plane

—+—=+
V3 V3 V3
The code is given by:

#include <windows.h> // for FLOAT definition
#include <DirectXMath.h>

#include <iostream>

using namespace std;

// Overload the "<<" operators so that we can use cout to
// output XMVECTOR objects.
ostreamé& operator<<(ostreamé& os, FXMVECTOR v)
{
XMFLOAT4 dest;
XMStoreFloatd (&dest, v);

0s << "(" << dest.x << ", " <K< dest.y << ", " << dest.z <<
"’ " << dest.w << ll) ll,.
return os;

}

int main ()

{
XMVECTOR pO XMVectorSet (-1.0f, 1.0f, -1.0f, 1.0f);
XMVECTOR u = XMVectorSet(1.0f, 0.0f, 0.0f, 0.0f);

// Construct plane by specifying its (A, B, C, D)
// components directly.

float s = 1.0f / sqrtf(3);

XMVECTOR plane = XMVectorSet(s, s, s, -5.0f);

// Function expects a line segment and not a ray; so we just
// truncate our ray at p0O + 100*u to make a line segment.
XMVECTOR isect = XMPlanelntersectLine (plane, p0O, pO + 100*u);

cout << isect << endl;

return 0;

The output is (in homogeneous coordinates so w = 1 for points):
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(8.66025, 1, -1, 1)

Press any key to continue .

We note 5v/3 ~ 8.66025, so the computer result agrees with our calculation.
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