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Abstract: Computer algebra systems (CAS) make us think about WHAT and HOW we teach mathematics. In this article
we focus on the HOW by developing atwo level framework for understanding, categorizing, and planning the use of
technology, in particular CAS, in teaching and learning mathematics. First we look at two kinds of support atool can give:
automation and compensation. Second we look at four pedagogical approaches for teaching and learning mathematics which
are greatly facilitated when using CAS properly: trivialization, experimentation, visualization, and concentration. Based on
this framework we introduce the scaffolding method as a pedagogically justified sequence of using and not using technology
to achieve certain teaching goals.

(0) Introduction

In mathematics education, computer algebra systems (CAS) have sparked off aworldwide discussion
about the value and sensefulness of what we teach in atraditional math class. CAS point us to the fact
that we focus too much on the teaching of the craftsmanship of performing operations, i.e. skills which
a computer can so easily replace. Hence CAS make us think about WHAT we teach.

There are thousands of ways of using CAS for teaching — good ones and bad ones. Bad or, better,
improper approaches often come from technology freaks among the teachers, who use the CAS just
because it exists and because it is possible to use it in a certain way. But CAS should never drive the
math we teach — our math (teaching goals) should drive the (use of) CAS! | fully agree with Helmut
Heugl, the director of the Austrian Derive and T1-89/92 Projects (which involved almost 6,000
students), who said: “ If it is not pedagogically justified to use CAS it is pedagogically justified not to
use CAS” So: CAS aso make us think about HOW we teach.

The WHAT isdiscussed in [Kutzler 2001], where we attempt to give an answer. In this article we
focus on the HOW. We show the different roles CAS can play as tools for teaching and learning
mathematics. Our approach is strictly driven by math teaching goals, i.e. we advocate the importance
of apedagogicaly justified use of CAS. A lot of the following thoughts are applicable aso for other
tools such as graphing calculators.

(1) Tools|: Automatization and Compensation

In aspeech Albert Einstein gave to educatorsin 1936 he gave the following remarkable analogy: “ If a
young man hastrained his muscles and physical endurance by gymnastics and walking, he will later
be fitted for every physical work. Thisis also analogous to the training of the mind and the exercising
of the mental and manual skill.” [Einstein 1956]

Following this analogy | start with looking at the two disciplines mathematics (as an intellectua
achievement) and moving& transportation (as a physica achievement) and compare the roles of
technology therein. This comparison was aso stimulated by Frank Demana.

The most elementary method of moving is walking. Walking is a physica achievement obtained with

mere muscle power. The corresponding activity in mathematics is mental calculation (mental
arithmetic and mental algebra.) Mental calculation requires nothing but ,,brain power".
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Riding a bicycle is amethod of moving, where we employ a mechanica device for making more
effective use of our muscle power. Compared to walking we can move greater distances or we can
move faster. The corresponding activity in mathematics is paper and pencil calculation. We use paper
and pencil as ,,external memory* which allows us to use our brain power more efficiently.

Another method of moving isdriving a car. The car is a device that produces movement. The driver
needs (almost) no muscle power for driving, but definitely needs new skills: (S)he must be able to start
the engine, to accelerate, to steer, to brake, to stick to the traffic regulations, etc. The corresponding
activity in mathematics is cal culator/computer calculation. The calculator or computer produces the
result, while its user needs to know how to operate it and what button to push in a certain situation.

What method of moving is sensible in which situation? If we ask somebody to obtain today’ s news-
paper from a 150 meter distant newsstand, the person probably will walk. In case the newsstand is
1,000 meters away, a bicycle may be the most reasonable means of transportation. In case the distance
to the shop is 10 miles, it is advisable to use a car, in particular if thereis only half an hour for bring-
ing the newspaper. In mathematics, the sensible use of technology is accordingly: The multiplication
of two one-digit numbersis best done mentally. Two two-digit numbers can well be multiplied using
paper and pencil, while for the product of two seven-digit numbers one will want to use a calculator.

One could throw in that ,, many students use a calculator to obtain the product of 7 and 9, hence they
are likely to lose the skill of performing mental arithmetic. Thisis a clear case of improper use of
technology, which is not specific to mathematics education but happensin al areas. Some people
misuse their car by driving 150 meters to the next newsstand. Those, who do so, harm themselves
(lack of physical exercise) and our environment (through the exhaust fumes). Despite the possible
misuse of the car we do not demand its abolition. Similarly we should not banish cal culators and com-
puters just because some students might use them improperly. As much as we needed (and still need)
to create a general awareness that physical exercises are essential for physical fitness and health, we
need to create the awareness that mental exercises (such as mental arithmetic and mental algebra) are
essentiad for mental wellness and fitness. Nevertheless it goes without saying that it is not enough to
try to persuade the students to do smple computations manually. But there is a rather simple method
we can use to enforce thisin an elegant manner. We simply have to split the examsinto two parts. A
compulsory part and avoluntary (freestyle) part. Thisis analogous to ice skating, where the sports
person gets two independent scores which are added to give the total score. In the compulsory part of a
math exam we would primarily test mental skills, allowing no technology — not even afour-function
caculator. In the freestyle part we would focus on testing problem solving skills and students would

be allowed to use any kind of technology, in particular CAS. More on thisin [Kutzler 2000] (or
[Kutzler 2001]) and [Herget etal 2000].

The analogy is not finished yet. What, if the person, who we asked to get a newspaper from a 150
meter away newsstand, can’t walk properly because (s)he is physically chalenged or has a broken leg?
For her or him, walking 150 meters may be very difficult, if not impossible. There is technology avail-
able to help such people, for example awhed chair. Using a wheel-chair is a method of technology-
supported moving, where technology compensates for a physical weakness. But weaknesses occur aso
with mental activities. | give an example from mathematics teaching: A student with a weaknessin
solving systems of linear equations will find it very difficult if not impossible to solve analytic geo-
metry problems, simply because the solving of a system of equations is a subproblem encountered
very frequently in analytic geometry. It is not only an act of humanity, but our pedagogical duty to
provide a“mathematically challenged” student with atool which compensates his or her weakness
(i.e. let the student solve systems of equations by pushing a button). Only then will the student have a
fair chance to do analytic geometry despite the weakness. Thisis a serious equity issuel

Moving& Transportation (physical) Mathematics (intellectual)
walking mental calculation
riding abicycle paper & pencil calculation
driving a car calculator/computer calculation (automation)
using awhed chair calculator/computer cal culation (compensation)
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Aswe will demonstrate later with more examples, calculators and computers can be excellent
mathematical compensation tools which alow mathematically challenged students to deal with
advanced topics. It goes without saying, that the ultimate goal in mathematics teaching is to weed out
all weaknesses in skills that are regarded essentia. (Needless to say that CAS aso make us reconsider
what skills we consider essential, see [Herget etal 2000] for a discussion and proposal.) A physicaly
challenged person need not be tied to awhedl chair for the rest of her or hislife. A physician will
endeavor to repair a patient’s physical challenge as much as possible with an individual therapy.
Similarly, ateacher should endeavor to repair a student’s mathematical challenge with an appropriate
individual therapy. In both cases we will facilitate the “patient’s daily life with their challenge” —i.e.
the time outside the therapy, be it shopping or analytic geometry — by providing an appropriate
compensation tool such as awheel chair or a calculator/computer.

Automation and compensation are the two most el ementary types of support any tool can give. These
exist on agenera level and are not specific to teaching and learning. But, needless to say, they
certainly also apply for using CAS toolsto teach and learn mathematics. As atendency, CAS are more
likely to serve as an automation tool for what we today call “good” students and CAS are more likely
to serve as a compensation tool for “mathematically chalenged” students. | write these wordsin
guotes because they are relative to our teaching. When we teach mathematics differently in terms of
contents and style, the split into “good” and “challenged” students most probably will be different.

Teachers are supposed to guide students in their learning, so they do have the pedagogical duty to use
whatever is available to facilitate the learning process. Using compensation tools is the more urgent
aspect, because this is how we can help the mathematically challenged students. For them, a change is
much more important than for those students who already do well.

(2) ToolsII: Trivialization, Experimentation, Visualization, and Concentration

In this section we get specific now regarding the role of technology in teaching and learning. In the
sequel we demonstrate and discuss how one can use technology, in particular CAS, as pedagogical
tools by looking at four powerful approaches in mathematics teaching and learning: trivialization,
experimentation, visuaization, and concentration.

(2.1) Trivialization

The car broadened our ,, moving and transportation horizons* by trivializing moving up to certain
distances. Similarly, the calculator broadens our ,,calculation horizons.”

Remember the ,,old days' before scientific calculators when exam questions or homework problems
had to be chosen very carefully so that all intermediate and final results were ,,nice”. A ,nice" result
was an integer, asimple fraction, or a simple radical which, later in the calculation, often would
disappear again. This was important, as otherwise the students would have had to use (spoil?) most of
their time performing arithmetic operations. With a scientific calculator one can multiply two seven-
digit numbers as quickly as two one-digit numbers. Hence the scientific calculator trivializes the
performing of arithmetic operations.

Drawing the graph of alinear function (e.g. y=2x+3) is Smple once you know the geometric meaning
of the two coefficients. Only a glimpse of taent, a pencil, and a straightedge are enough to produce a
proper graph. Drawing the graph of a function such as y=24n(x/2)+cos(x) is much more difficult and
the production of a proper graph requires a reasonable degree of talent for drawing. With a graphics
calculator one can plot both functions within the same amount of time and talent. The graphics
calculator trivializes the production of graphs. (Following is a respective screen image of a T1-92.)
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Computing the first derivative of y=x2 is ssmple once you know the differentiation rule for powers.
Determining the first derivative of y=I n(‘si n(cos(tan(y/ x? - x+ 1)))‘) , however, isalot of work even for a

good mathematician. The algebraic calculator can manage both examples within seconds. The
algebraic calculator trivializes algebraic (symbolic) computations. (Following is a respective screen
image of the PC program Derive 5.)
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A landmark paper about triviaization of algebraic computation in mathematics teaching is
[Buchberger 1989], where the WhiteBox/BlackBox principle was introduced.

Moving and transportation tasks that have been considered difficult in earlier times nowadays are
fulfilled routinely with cars or other transportation devices. Similarly CAS used in teaching mean that
we can tackle

(more) complex problems and

(more) redlistic problems
This is one aspect of using CAS, in my opinion the least important.

(2.2) Experimentation

How did we discover al the mathematics we know today and how do we find even more
mathematics? According to one of the epistemol ogically oriented theories one can visuaize the main
steps of these discoveries as follows: Applying known agorithms produces examples. From the
examples we observe properties, which are inductively expressed as aconjecture. Proving the
conjecture yields atheorem i.e. guaranteed knowledge. The theorem's algorithmically usable parts are
implemented in anew algorithm Then the algorithms are applied to new data, yielding new examples,
which lead to new observations, new conjectures, ...

new examples
apply
f:> examples 3 observe
new

algorithm algorithm conjecture

. prove
implement theorem
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This picture of a spiral, which demonstrates the path of discovery of (mathematical) knowledge, was
proposed by Bruno Buchberger. A detailed description of Buchberger’s Creativity Spiral and referen-
ces to related models can be found in [Heugl/Klinger/Lechner 1996]. While for the purpose of this
article we interpret Buchberger's Creativity Spiral globally and generally as a process of developing
mathematical knowledge, it can aso be seen as a visualization of the (inductive) concept development
process according to the constructivist approach of Piaget ([Piaget 1972], [Marin/Benarroch 1994]).

In this spira we find three phases. During the phase of experimentation one applies known algorithms
to generate examples, then obtains a conjecture through observation. During the phase of exactifica-
tion the conjecture is turned into a theorem through the method of proving, then agorithmically useful
knowledge is implemented as a new agorithm. During the phase of application one applies agorithms
to red or fictitious data. Typicaly, the solution of rea problems serves the purpose of mastering or
facilitating life, while the solution of fictitious problems serves the purpose of entertainment/diversion
(e.g. mind puzzles) or the finding of new knowledge (i.e. the satisfaction of scientific curiosity).

These three phases can more elegantly be denoted simply as INduction, DEduction, and PROduction.
Thisis possible for both interpretations of Buchberger's Crestivity Spiral. (Although Piaget's concept
development processis inductive as awhole, it does contain inductive, deductive, and productive
subprocesses.)

Phase of application Phase of experimentation
PROduction INduction
new examples
apply
ﬁ examples ﬂbserve
new ) \
algorithm algorithm conjecture

. prove
implement theorem

Phase of exactification
DEduction

In its beginnings mathematics was an experimenta science, i.e. it consisted only of the phases of
experimentation and application. Then the Greek applied to it the deductive methods of their
philosophy (i.e. they added the phase of exactification), thus establishing mathematics as the deductive
science as we know it today. “Recently” (in terms of history) a group around the French mathemati-
cian Dieudonne (known under the name ,, Bourbaki*) restructured the mathematical knowledge using
the system of ,, definition-theorem-proof-corollary-...“. This Bourbaki system, being developed for the
purpose of inner-mathematical communication, comprises only the phases of exactification and
application and has become characteristic to modern mathematics. But then Bourbakism gradually
lodged itsdlf in teaching and learning. It has become customary to teach mathematics by deductively
presenting mathematical knowledge, then asking the students to learn it and apply it to solve problems.
But thisis highly unnatural! Most of today’ s psychological theories of learning consider learning to be
an inductive process in which experimentation plays a key role. Thisis why Freudenthal demanded
that “ we should not teach students something that they could discover themselves’ (see [Freudenthal
1979)).
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Hardly any mathematician on this planet could do mathematical research the way we demand our
students to get into this subject. But: A student hasto ,,locally” build hisindividua little ,, house of
mathematics* while a scientist does pretty much the same ,,globally”, i.e. on amuch larger scale. For
both the scientist and the student a substantial part of knowledge acquisition happens during the phase
of experimentation. From this point of view it becomes understandable why so many students are at
loggerheads with mathematics, and one will demand that experimentation obtains its due position
within the teaching of mathematics. Phases of experimentation should complete the traditional
teaching methods — not substitute them! Thisis not a plea for returning to Egyptian experimental
mathematics but is a plea for mathematics teaching going through all three phases of the above spiral.

However, it is understandable that, within the framework of today*s curricula, there was hardly any
experimentation in our classrooms. Experimentation, performed with paper and pencil, is both
timeconsuming and errorprone. Within the time available at school, students could produce only a
very small number of examples for the purpose of observing and discovering, and a hefty portion of
these examples probably would be faulty due to calculation errors. There is nothing you can observe
from only afew, partly wrong examples! Look at atypica example from geometry. Say, we want to
teach our students that in every triangle the three altitudes intersect in one point. We might ask them to
draw five triangles and construct the three altitudes in each. What happens? Most of our students —
being lousy draftsmen — will find that in three or four of their five triangles the altitudes do NOT
intersect in one point. And this should convince them that thisis a true geometric theorem ...?2!

From now on CAS and similar tools (such as Dynamic Geometry Software) enable students to experi-
ment within almost all topics treated in mathematics teaching. Thestudents can do large numbers of
examplesin a short time and the e ectronic assistant guarantees the properness of the results. Talking
about an assistant: Historic records indicate that great mathematicians such as Carl Friedrich Gauss
employed herds of human ,,calculators® without which they would not have made most of their
famous findings.

The great genius Johann Wolfgang Goethe called for ,,learning through doing and observing” which is
exactly the “phase of experimentation” in the above picture. Using CAS we can now meet Goethe's
demand.

(2.3) Visualization

Visudization means illustration of an object, fact, or process. The result can be graphic, numeric, or
algebraic. Today, the term is mostly used for graphic illustrations of algebraic or numeric objects or
facts. (The term is used either for the process of illustration or for the result of the illustration process.)
Visudization as a technique of teaching mathematics has become important in those countries, where
graphics calculators are widely used.

Today it is mainly used to acquire the competence of changing between representations, mostly for the
purpose of studying the correspondance between algebraic and graphic representations. A typical

example is studying how the parameter a effects the shape of the graph of the function y=axx?:
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If we ask our students to manually draw the graphs of x?, 2x?, 3x?, %xz ,and - xX*the “good” students

are doing fine, but for most of the mathematically challenged students this turns into a laborsome and
tedious graph drawing exercise, during which they completely forget WHY they had to draw these
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graphsin the first place. Hence the teaching goal got lost because of their poor drawing skills. Using
CAS or graphing calculators will help these students to stay connected with the goa of finding the
relationship between the value of a and the shape of the graph. Frank Demana and Bert Waits are the
leading advocates of ateaching style that is called the , power of visudization (see [Demana/Waits
1990, 1992, 1994]).

In the psychology of learning scientists discovered the concept of reinforcement and showed, that
reinforcement works best if it follows the action immediately. An example from everyday lifeisa
child who puts its hand on a hot stove. The immediate pain is the best prerequisite for the child to
learn not to do this anymore. If the pain would be felt severa minutes later, the child probably would
not connect it with the (long ago) touching of the hotplate and it probably would not learn anything.

When using a calculator as a visualization tool, the immediate feedback is of central importance. If
you enter into your caculator x*2, then press the proper key, the corresponding graph appears only
fractions of a second later. The resulting picture can be discussed, the graph can be associated with the
expression, etc. Consider a mathematically challenged student and compare the learning effect when
the student has to draw the graph manually with when the student is allowed to use a calculator: A
manually produced graph would take too much time and most probably it would have only a vague
resemblance with the true graph. (,, What can you observe from wrong examples?*) Only with the help
of the calculator this student has a realistic chance to discover and memorize the correspondance
between the expression and the (proper!) graph. Producing graphs with paper and pencil certainly
continues to be a worthwhile activity which is important in learning to under stand the correspondance
between algebraic and graphic representations. However, immediacy and correctness are such crucial
psychological factors, that providing mathematically challenged students with an appropriate tool
(such asa CAS or agraphing calculator) becomes a pedagogical duty.

This example very clearly demongtrates: If and how a teacher uses atool for supporting an activity
depends on the pedagogica goals connected with the activity. This aso means, in particular, that the
teacher becomes more and more important in a technol ogy-supported mathematics education, hence
the importance of teacher preservice and inservice training grows. While the power of visuaization is
widely used with graphing calculators, it is also an important approach with algebraic data as will be
demonstrated with the example in the next section.

(24) Concentration

We can compare teaching and learning mathematics with building a house, the ,, house of
mathematics*. The topics which we teach and the dependencies between them are comparable to the
storeys of a house. Before one can build the house' s second storey, one has to complete its first.

Similarly, the treatment of amost any mathematical topic requires the mastery of earlier learned
topics. We demondtrate this using the topic ,,solving of alinear equation in one variabl€e®.

We look at the equation 5x-6=2x+15. One hasto transform it into the form x=... . Thisis achieved
through choosing and applying an appropriate sequence of equivalence transformations. Typically, the
student is advised to ,, bring terms with x to one side of the equation* and to ,,bring al other termsto
the other side”. Therefore we start by subtracting 2x:

5%-6 = 2x+15 | -2X

After choosing this equivalence transformation, we apply it to both sides of the equation i.e. we have
to smplify:

3Xx-6=15
Now we have to choose another equivalence transformation, for example +6:
3Xx-6=15 | +6
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And we smplify again:
Xx=21

We are interested in the practice of teaching mathematics. In particular we want to know why students
make what errors. A typical mistake at this stage starts with the following argument: ,, Thereisa 3in
front of the variable x. To get rid of the 3 | need to subtract 3. This student is most likely to write ...

x=21 |-3
x=18

..., believing that the equation is solved.

What goes wrong and how can technology help to make it better? An analysis of the steps taken above
reveals two alternating tasks: (1) the choice of an equivalence transformation and (2) the smplification
of algebraic expressions. Here, the choice of an equivaence transformation is a higher-level task
insofar asit is the essence of the strategy for finding the solution of an equation. It is the new skill
which the student has to learn when learning to solve equations. The simplification of expressonsisa
lower-level task, for which the teacher has to assume that the student is sufficiently well trained.

Chooze equivalence transformation  s——
Simplity —I_|_|_|_|_

This picture demonstrates that a student, while trying to learn a new skill, repeatedly has to interrupt
the learning process in order to perform a calculation. Thisis asif one would repeatedly be interrupted
during a difficult chess game. In fact, it is even worse, because the interruption can influence the
»game’: A mistake made during the interruption, i.e. during the lower-level task, severely disturbs the
higher-level task and may prevent the student from learning. This is exactly what leaded to the wrong
solution x=18 in the above example: After deciding to subtract 3, the student should fully concentrate
on subtracting 3 from both sides of the equation while ,,forgetting” the reason for choosing this
equivalence transformation. But, in redlity, the student starts the next line with ,x=" smply ,, because
the transformation —3 was chosen in order to generate x= on the left hand side”. But then, at the
higher level, the student has the (wrong) impression that —3 simplified the equation as desired.

This continuous change of levels inevitably occurs in amost al topics in school mathematics. It
appears to be one of the central problems in mathematics education that students have to learn anew
ability/skill while still practisng an ,,old”“ one.

Using a CAS (we use Derive) the learning process could be conducted as follows. First we enter the
equation.

5x-6=2x+15 (ENTER)

|1t1= 5x -6 =2-x + 15

Then follows the input of the equivalence transformation (#1 is a reference to the above equation).

#1-2x (ENTER) , then smplify by clicking the button [=]

#2: (5-%x — 6 = 2-% + 15) — 2-x
#3: 3% -6 =15
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The smplification, i.e. the application of the equivalence transformation to both sides of the equation,
was performed by the CAS. Then the student chooses the next equivalence transformation:

#3+6 (ENTER), then smplify with [Z]

H#4: {(3-x -6 =15) + 6
H5: 3-x =21

We mimic a student who makes the above discussed mistake:

#5-3  (ENTER) , then smplify with [=]

#6: (3-x =21 - 3
n?: 3-x -3 =18

It goes without saying that the CAS simplifies properly, hence the student receives an immediate feed-
back that the transformation —3 was not successful (i.e. did not simplify the equation to the expected
,,X=“).

With this example we a so meet again two issues that we discussed earlier: (1) The student
experiments with possible equivalence transformations, hence this example also includes the aspect of
experimentd learning, and (2) the immediacy of the result of applying the transformation tallies with
what we asked for in the section on visualization.

A student who follows the above CA S-supported exercise can fully concentrate on the (higher-level)
skill of choosing an equivalence transformation. The lower-level skill of smplification is performed
(at least for the moment) by the CAS.

Chooze equivalence transformation
o i

In [Kutzler 1998a,b] | give detailed instructions how to use Derive or the T1-92 (TI-89) to teach/learn
solving of linear equations. The above agebraic approach is discussed in further detail aswell as
numeric and graphic approaches.

(3) The Scaffolding Method

In the above subsection on concentration we compared teaching mathematics with building a house. In
the language of this metaphor the above mentioned problem of mathematics education trandates into
the problem of building a new storey on top of an incomplete storey. For example, as soon as we start
building the storey of ,, choosing equivaence transformations®, the storey of ,smplifying” is still
incomplete for many of our students. In mathematics teaching at school we smply don’t have enough
time for waiting until al students have completed all previous storeys. The curriculum forces the
teacher to continue with the next topic, independent of the progress of individua students. So, it
remains to ask how a student can build a storey on top of an incomplete one.

?

]

The above example demonstrates how | suggest to answer this question: While the student learns the
higher-level sKill, the calculator solves al subproblems that require the lower-level skill. Using the
language of the metaphor, the calculator is a scaffolding above the incomplete storey.
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pave

Using the example of solving alinear equation we demonstrated the use of Derive as a scaffolding
above the simplification storey. In the sequel we apply the scaffolding method to another example,
namely the solving of a system of linear equations with Gaussian eimination.

We use the system 2x+3y=4, 3-4y=5. Firgt, the student enters the equations:

4 (ENTER)
5  (ENTER)

2x+3y
3x—4y

#i: 2x + 3-y = 4

H2: 3 x —4-y =5

Gaussian dimination requires us to choose alinear combination of the two equations such that one
variable is eliminated. Thisis what needs to be learned. Everything else (smplification, substitution,
solving of an equation in one variable) are prerequisites of which the teacher expects that the students
are well enough trained.

Choosze linear combination —
Simpliv, substitute, salve | | | | |

equation in one variable

We try to eliminate y by adding four times the first equation and three times the second equation.

Ax#1+3+4#2  (ENTER) then smplify with [=]

#3: 4-{2-% + 3-y =4) + 3-(F-x — 4-y = 5)
#4: i?7-x = 31

Voila Variable y disappeared as requested. What is the practice of teaching this topic at school in a
paper& pencil environment? Some students choose the right linear combination, but, due to a calcula-
tion error, the variable does not disappear. Other students choose awrong linear combination, but the
variable disappears because it ,must” disappear. For both groups of students their weaknessin alge-
braic smplification is a stumbling block for successfully learning the basic technique of Gaussian
elimination. Exactly those students lag behind more and more the ,, higher” they get in the house of
mathematics.

In the above exercise, the algebraic calculator is a scaffolding that compensates any weakness with the
lower-level sKills, hence it helps avoiding mistakes. In case the final teaching goa is to have students
be able to solve systems of equations (or perform any other skill B) manualy (because, for example,
the students are assessed centrally at the end of the school year), then it is recommended to perform
the following three steps. The first step isteaching and practising skill A. The second step is teaching
and practising skill B, while using the algebraic calculator to solve al those subproblems that require
sKkill A (i.e. the student can fully concentrate on learning skill B.) The third step isto combine skills A
and B with no support from technology.
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Thisis one of many conceivable methods of using CAS as pedagogical tools.

The temporary use of technology can help to break down the learning process into smaller, easier
~digegtible" pieces. For less gifted students, who could not swallow the , big pieces* we offered them
in traditional mathematics teaching, this may be the only way of mastering these learning steps. They
find it easier to keep track of the steps without getting lost (or screwed up) in details such as
simplification. When comparing the teaching of mathematics with building a house, the use of
technology compares with using a scaffolding.

The scaffolding method is any pedagogically justified sequence of using and not using technology for
trivialization, experimentation, visualization, or concentration either in the sense of automation or
compensation.

The presented use of technology as a pedagogical tool is completely independent whether or not
technology may be used during an exam. The scaffolding method aims at supporting the learning
process, i.e. it can help reaching (traditional) teaching goals. Here, technology is only atraining
instrument. Like a home trainer can help us acquiring physical skills, the proper use of CAS can bea
mathematical home training which helps acquiring intellectual/mathematical skills. Consequently,
technology can and should be introduced as a pedagogical tool independent of changes to the
curriculum or the assessment scheme. CAS can help at dl levels of mathematics in secondary
education.

In [Kutzler 1998c,d] | describe how one can use Derive or the T1-92 (T1-89) to treat the topic ,,solving
of systems of linear equations* at school. Besides giving further details on the above approach, the
booklet also describes numeric and graphic methods as well as the substitution method.

(4) Concluding remarks

In Austriain 1991 all genera high schools (Gymnasien) and technical high schools (Hohere
Technische Lehranstalten) were equipped with the Derive computer algebra system. In the sequel a
research project was conducted which became known as the ,, Austrian Derive Prgect”. The project
involved 800 students who were taught regular mathematics with Derive. The results were published
in the German language book [Heugl/Klinger/Lechner 1996], part of the results can aso be found in
the English language publication [Aspetsberger/Fuchs 1996]. In the academic year 1997/98 a bigger
team carried out the ,, Austrian T1-92 Project I* with 2,000 students using the TI-92 in regular
mathemati cs classes, which was followed by the “ Austrian TI-92 Project I1” with 3,000 students. The
results can be found in the internet at the address http://www.acdca.ac.at.

The Austrian and other investigations showed the following: If technology is used properly, it leads to

more efficient teaching and learning,

more inpedendent productive student activity,

more student creativity,

an increased importance of the teacher.
The teacher has the duty to accompany and direct the students at their partly individual voyage of
discovery through the world of mathematics. Consequently the key to the success in teaching
mathematics is a good teacher which is obtained through good teacher training. Not technology
changes teaching, but technology can be a catalyst for teachers to change their teaching methods and
teaching focus, aiming at a better teaching of mathematics.

In case you have questions or suggestions, please write to me at b.kutzler@eunet.at. A regularly
updated collection of information about technology in mathematics education can be found at
www.kutzler.com.

Specia thanks to Vlasta Kokol-Valjc for her valuable feedback and input.
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