TECHNOTE:
Understanding Conic Splines

Conic splines are a useful graphic primitive. They exactly represent any conic section: line,
circle, ellipse, parabola, or hyperbola. Lines and circles are of obvious importance, and
parabolic splines are a primitive building block for shapes in QuickDraw GX. To maintain
closure under the full set of perspective transformations allowed by QuickDraw GX, the full set
of conic sections must be used.

This Technote gives a derivation of some of the mathematical formulas associated with conic
splines. It defines a quadratic rational spline as a weighted mean of three control points whose
weights vary quadratically in the parameter t. A canonical form is derived for the most general
form of the weighted mean. Then the effect of perspective transforms on the weights and control
points is explained. Finally, a method is derived for determining which conic section contains a
given conic spline.

This Technote is directed primarily at developers working with the paths and perspective
transforms defined in QuickDraw GX. A firm grasp of those concepts is necessary to
understanding this Technote.

Technote 1052 - QuickDraw GX ConicLibrary.c in Detail: Description, and Derivations also
addresses the concept of conic splines, and approaches it from a different perspective. See Inside

Macintosh: QuickDraw GX Graphics and Inside Macintosh: QuickDraw GX Objects for further
documentation.

Introduction to Quadratic Rational Splines

Definition 1.1: The quadratic rational spline (QRS) with vertices (a,b,c) and weights



(A,B,Q is defined as the image of [0,1] under the function

_As(1-0% + ZBB{I-1) + Tete
Al1-132 + 2ZBt{1-t) + Tt<

nith (1.13

Definition 1.2: A proper QRS (PQRS) is a QRS with positive weights.

Notice that h(t) is a linear combination of a, b, and ¢ whose coefficients sum to 1. Thus,
applying an affine map to a, b, and c is the same as applying that map to h(t).
From (1.1), the following are easily derived:
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Figure 1.1 A Quadratic Rational Spline with Vertices (a,b,c)
b
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Lemma 1.1: The PQRS with vertices (a,b,c) and weights (A,B,G) is the same as the PQRS
with vertices (a,b,c) and weights (Ar,Br,G) for r>0.
Proof: The PQRS with vertices (a,b,c) and weights (A,B,G is

CAa(1-t)% + 2Bbt{1-1) + Tt
A(1-1)% + ZBt(1-1) + Ti2
_Ara(1-)% + 2Brbt{1-t) + Tret?

Ar{1-t)% + ZBri{1-13 + Trt
This is the PORS with wertices (a, b,c) and weights (Ar Br,Tr). QED
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Lemma 1.2:The PQRS with vertices {a,b,c) and weights (A B T is the same

as the PORS with wertices (a,b,c) and weights {A,Br,l"rz} for r=0.
Proof: Consider the relation between s and t defined by 1% =r STS st
ranges from 010 1, 5 also ranges from O 1o 1.

The PORS with vertices {a,b,c) and weights (A B T) is

_Aali-t)% + 2BbH{1-1) + Lot

nith
AC1-112 & 2Bt(1-1) + TtZ
t iz
Aa + 2]3I:|1_t + I"EI:1_,J
) b (t_‘i
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e 2 (LE
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A+ 2EIr1_3 + I'r .1—3]

_Aa“—s}lz + ZBrbs{1-3) + Trigs?
Al1-31F &+ 2Brs{i1-s) + [ris?
Thiz is the PORS with wertices {a,b,cy and weights {A,Eir,l“rz}. QED

Definition 1_3: The normal QRS (MORS) with vertices (a,b o) and weight fis
the QRS with wertices (a,b,cy and weights (1,4, 1) where Ax0.

Lemma 1.3:The PORS with wertices {a,b,cy and weights (A B T) is the same
as the NQRS with vertices (a,b c) and weight A = Errorl.

Proof: Given the weights (A B ), firstapply Lemma 1.1 withr = 1I L then

A
apply Lemma 1.2 with e = T toget the equivalent weights (1,010 where i =
Error!. QED

Motice that the MORS with wertices {a,b,cy and weight & is the image of [0,1]
under the function

Cal1-t) + ZAM{1-1) + o
U - STy i




Operations on Normal Quadratic Rational Splines

Definition 2_1: The perspective map P = (&, h,uw) consists of a 2x2 matrix
&, two points hand u, and a scalar w. P acts on the point a by Pa = H }
Theorem 2_1: 1T wa+w:0, wb+w:0, and wc+w:0, then P = (& h,u,wy acting
on the NQRS with vertices (a,b o) and weight A, produces the NQRS with vertices
¢ Pa,Pb,Pc) and weight Error!-f.

Proof: Because Av+hand uvp+iw are affine maps of n,

(ha+hIC1-112 & ZACAB+RIE1-1) + (Ac+hits
Amitith = T + ZIA-TH{1-1)

':I.I-E+'-.-.-':|F'E||:1-t:|2 + 2A00b+wIPbt{1-1 + {u-n:+'w'}F'c:t2

= 1 + 2(A-1101-1)

_{u-a+w}{1—t}2 + ZATUb+w It 1-1) + fucewdts

unities = T+ 20A- 10t 1-1)
Taking the quotient of these last two equations, we arrive at
Arhta+h
Prity = (e

_{u-a+‘-.-.-‘}F‘a{1-t}2 + ZACUh+wIPBEE1-1) + (uc+w)Pet?
{u-a+w}{1—t}2 + 2A0ub+wit{1-t) + {u-n:+w}l’c2

This is the proper quadratic rational spline with vertices ¢ Pa,Pb,Pc) and
weights {ua+w , Alu-b+w),uc+w). dccording to Lemma 1.3, this is the normal

quadratic rational spline with vertices {Pa,Pb,Pc) and weight Error!-/\. QED

Definition 2.2: The [15,ty] section of n{[0,1]1) is niltg,ty 1) where
Datpety 21,

Theorem 2.2: The [t5,1] section of the NQRS with vertices {a,b,c) and weight
fis the NORS with vertices (a™ b™ ™) and weight A™ where
L 801-1g)% & ZAbta(1-tg) + ctg®
3% T+ 200 Titg(1-1g) =nita)

al1-tgd{1-t;3 + Abltg+ty-2tgt) + cigty
- 1+ (A-10{tq+ty - 2tgty2
o al1-10% & ZAbt (1-t) + oty
= T + 20101011
A* = Error!
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Proof: Let t = (1-s)tO+st1, then as s ranges from O to 1, t ranges from tO to t1.
It follows that 1-t = (1-s)(1-t0)+s(1-t1). Furthermore,

al1-1)2 + 2Abt{1-1) + ct?
nith = T+ A T-D
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ATy S EA- -t
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Let us stop to consider where we are headed. We wish fo make n{t) intoa PORS in
terms of 5. That is, we wish 1o be able fo write

Aﬂ*“—s}z + ZBb™si1-3) + Fc*sz
nit) = > > (2.23
Al1-31° + ZBs{1-3) + Ts

(2.2) says that the coefficients of a*, b*, and c* in h(t) should sum to 1.
Because the coefficients of a, b, and c in h(t) sum to 1, (2.2) is true if we make
the coefficients of a, b, and c in each of a*, b*, and c* sum to 1. Therefore,
assume the following

A=+ 200-1 01153

o A01-t)% 4 2ABtR1-ty) + oty

1R 1 + 20h-10tg(1-tg)
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all1- tD:":I t1:' + ﬂtl':tn+t1-2t|:|t1:' + Etn't1
1+ CA-1)0tg+ty - 2t5t0

r=1+ 2'::"!;—1:'1!1':1 11:'

DAkl 1% + 2Abty{1-t) + ofy?

E T + 2010t (1)

h:-'-c




These were chosen so that the coefficients of a, b, and c in each of a*, b*, and c*
sum to 1. Substituting them into (2.1) we have the following

_Aﬂ*“—s}z + ZBb™si1-3) + Te*ss

nitl = T+ Z0A- 1010

_Aa*ﬂ—s}z + ZBb¥s{1-s) + o™
Al1-532 + 2Bs{1-3) + T2

&gain, the last equation iz true because the coefficients of a*, I:u*, and c™ in nit
surn to 1. Thus, the [tg,ty] section of the MORS with vertices Ca,b,c) and weight

fis the PORS with vertices (a™,b™ ™) and weights { A B T3, and according to
Lernma 1.3 this is the NORS with vertices {a™ 6™ c™) and weight A™ = Errort.

QED

The Conic of a Normal Quadratic Rational Spline

A normal quadratic rational spline is an arc of a conic section. In this section, we
will investigate that conic.

First, let us recall a few properties of affine maps. Given three noncollinear
points, there is a unique invertible affine map that sends those points to any
other three noncollinear points. Affine maps preserve parallel lines and linear
combinations whose coefficients sum to 1. In particular, affine maps preserve
midpoints.

Recall also that any circle or ellipse is similar to an ellipse x2+cy2=1 for some
c>0, any parabola is similar to the parabola y=x2, and any hyperbola is similar
to a hyperbola x2+cy2=1 for some c<O.



The Conic Center

Definition 3.1: The center of a conic is the midpoint of any two points on the
conic at which the tangents are parallel.

Lemma 3.1: All conics, except parabolas, have one center; parabolas have
none.

Proof: Any conic except a parabola is similar to a conic x2+cy2=1 for some

ct 0. Differentiation yields the relation x+cmy=0, where m is the slope of the
tangent. For a given m, x+cmy=0 intersects x2+cy2=1 in at most two points; if
(x,y) is one of these points, then (-x,-y) is the other, and their midpoint is the
origin.

All parabolas are similar to y=x2. Differentiation yields the relation m=2x, where
m is the slope of the tangent. For a given m, m=2x intersects y=x2 in only one
point. Therefore, there can not be two points with parallel tangents. QED

Theorem 3.2: The center of the conic containing the NQRS with vertices (a,b,c)

a- ZNEh+e

2(1-A%)

Proof: There is an affine map that sends a, b, and c to (-1,0), (0,1), and (1,0)
respectively. Because affine maps preserve linear combinations whose coefficients sum
to 1, this map sends the NQRS with vertices (a,b,c) and weight L to the NQRS with

vertices ((-1,0),(0,1),(1,0)) and weight L.
Let us find the extrema in y for the NQRS with vertices ((-1,0),(0,1),(1,0)):

Z 2
ayﬂ—t} + 2)‘5th{1—’(} + oyt

and weight Az

nylth = T+ Z(h- 110
2t 1-t)
1 + Z(A-13tE1-1
d ZAL1- 210
ﬁ'q._,l,.{t} =

[1 + 2(A-13401-13]2

The extrema in y occur at t = 12 and t = ¥. The tangents at these points are parallel to
the line connecting (-1,0) and (1,0). Therefore, in the NQRS with vertices (a,b,c), the
tangents at t = 12 and t = ¥ are parallel to the line connecting a and c.



: : ! 1 a+z2hb+c
The corresponding points on the conic are -q{E} aTEry N and nhoo) =

a-2hb+c
201-40

1 (a+2hb+c a-2Ab+cYy  a-2A%b+c

Their midpoint is the conic center:E(E{Hm TR T

QED

Corollary 3_Z2.1: The conic center lies an the parametric bisector.

a+c = E-2ﬂ2b+ﬂ

Proof: == = {1-A%) =+ AZh. QED
2(1-A%)

Lemma 3.53: The parametric bisector of a parabolic arc is parallel to the axis of
the parabola.

Proof: &1 parabolas are similar to '_.,.'=x2. Suppose {3,32} and {t,tE} are the

2

endpaints of an arc of '_...'=:-:2. The tangents at these points are w==25%-35° and

'_.,.'=2t:-:—t2. The tangential intercept is then {% &), and the terminal midpoint
s+t se4te

e
parallel tothe v axiz. QED

iz 1. Thus, the parametric bisector isthe ling x = % Jwhich is

The Implicit Form

The implicit form of a conic is s + E:-:'_.,.'+I:'_.,.'2+ Dx+Ev+F=0.This iz equivalent 1o

bl
'_-.1-' 1] '_-.1-' =0 (3.1
where [ iz asymmetric 3x3 matrix.

Theorem 3_4: The NQRS with vertices (a,b o) and weight A is anare of the
conic

ol o

where (] = EﬂziuwT+qu}—WT and u, v, and w are columns of the matrix



By, b, O b, - Ty =y = by,
[uvw] =cof &, b, oy | = g1 Ay b -a.,
1 11 By = By Cogllyy -0yl 3,0y -a,0,

Proof: First recall that according to {1.2)
2 2
a,h 1-13° + 2ABA01-1) + ot nit)

Mt = 1 + ZiA-101-11 T ¥t
% =ay{1—t}2 + ZAbH1-t) + gt ity

My 1+ ZiA-13t01-1) ritl

where

pit) B B O [ (1132

qit) y y y 2Mti1-1)

rith 1<

MNext notice that

(1-02 [T 0 oz2a2|[ ¢1-12
ZAtE1-t) O -1 0 [|ami1-td| =,

12 20500 =
Combining the last two equations, we have that
pity]r 8, b0 |17 0 0zp2 8, b0 |- pitl

qit) y y 3,. 0o -1n0 z.ft'z.fcz.-' qity | =0,
Fit) zpfo oo dLy ] Leitd
Eecausecnfﬁ=detﬁ{ﬁ'1}T,ifweset i i
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ZA0 0 EEEEE

then
pitd (T [pitd
qitd | 0 (atty | =0
Fit) rit)
Dividing this by Fit1e gives (313 for nit).
The cofactor matrix is

a,, b, ©,, b, -y Typ = Ay - b
cof | &, I:I.__.,.E.__l,. = Gy~ by, By =Gy b -2, =[uww].

E 1A By = BuCoy CogBy =Gyl A0y -a,by

Therefore,
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Example: Find the implicit form of the NQRS with vertices
((1,13,(2,3),(4,5)) and weight % First, 20% = - .

124 . 2 4 =2
eof | 135 = 2-3 1| =u=| 2| andv=|-3|andw=]| 1
158 =210 ] -2 - 1
4-3-32 4-4 4 g-6 2
! +wul = | -4 2 2]+ sz o | SR
4P SP 2 Z 0-4
16-12 -4
wel =|-12 9 3
-4 3
g-6 2 16 -12 -4 -1z 9 §
0=3|-6 4 0|-|-12 9 3 =| 9-7-3
Z 0-4 ~d 5 5 -3-3

Therefore, the implicit form iz -1 Fxe+ 1 B:-:'_.,.'—'.-"_.,.'2+ 10x-6y-3=0.

Summary



As with most mathematical concepts, there are many ways to view conic splines. This
Technote presents conic splines both as a quadratically-varying weighted mean of
control points, and as a segment of a conic section. Using the proper representation for a
given problem will help in finding a solution.
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